Collective Transports in Two Elastically Coupled Inertia Ratchets
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We report the existence of varieties of collective dynamies ranging from on-off intermittent (OOI)
synchronization to fully synchronized transport in two elastically coupled inertia ratchets; and show

a connection between OOT and stepwise-sliding dynamics typical of actin-myosin motors in muscles,

- The OOI collective transport appears as a stable transition state to fully synchronized dynamics;
achieved via stepwise-sliding and accompanied by boundary crisis. We demonstrate a strong depen-
dence of the transport on the coupling strength ¢, and show that enhanced transports could occur

in both directions as € is varied.

PACS numbers: 05.45.X1, 05.45.A¢, 05.40.Fb, 05.45.1q, 05.60.Cd

Transport phenomena and particularly, directed trans-
ports occur in many natural situations ranging from
physical systems to chemical and biological systems. Re-
cent. research inferest in transport problems is related
to ratchet physics where unbiased, noise-induced trans-
port emerges away from thermal equilibrium as a result
of the action of Brownian motors [1-3]. Brownian mo-
tors, especially "ratchet” models, have been widely in-
vestigated partly due to the challenge to describe and
control mechanisms of fundamental biological processes
at both the cell level (e.g. transport in ion channels) and
body level (muscle operations) [4]. Another source of
motivation is derived from recent advances in technology
wherein devices for guiding tiny particles on nano/micro
scales are sought for; these include particle separation
techniques, smoothing of atomic surfaces during electro-
migration and control of the motion of vortices in super-
conductors [2, 5]. Remarkably, experimental realizations
of some of these practical systems have been reported
[6-8].

Two basic types of ratchet models have been proposed
and studied extensively. In the first class of ratchets, the
particles are subject to an external unbiased driving force
or additive coloured noise. These are called the rocking
ratchets or correlation ratchets. The second class is the
flashing ratchets, wherein the particles are driven by a
flashing potential. The vast majority of these models
deals with overdamped cases where noise plays a vital
role in the transport process. However, recent studies
have shown that the role of noise can be replaced by
deterministic chaos induced by the inertial term [9]. In
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such inertial ratchets, the issue of current reversal was
intuitively addressed [10] and later carefully reformulated
iR

In the description of the models and the characteri-
zation of transport properties, attention has been paid
mostly to single particle ratchets. However, in reality
one cannot find an isolated single particle system. For
instance, molecular motors do not operate as a single
particle but in groups that form what is known as mul-
timotor - the most prominent example being the actin-
myosin system in muscles [12]. For this reason, the rel-
evance of many interacting particles and possible effects
of collective behaviour, e.g. transport enhancement, cur-
rent inversion, clustering and spontaneous current among
others have been considered in the overdamped case ([13]
and references therein) and the underdamped case [14-
16]. Besides a few studies [14-16] on synchronization be-
havior and possible connections to transport properties
in the underdamped cases, a large number of studies in-
vestigates the transport properties based on the coupled
overdamped case.

Notably, the interaction between the coupled ratchet
models described in [14], were provided through the ve-
locity coordinates, while in [15], external forces arising
from systematically designed nonlinear control were em-
ployed. Indeed, the type and topology of the coupling
may differ and the specific choice of the coupling scheme
will determine exclusively the system’s dynamics and
hence the transport property. In this letter, we report
un-usual collective dynamics associated with a transition
from OOI synchrony to full synchrony in a system of cou-
pled inertia ratchets and establish a connection between
on-off intermittent (OOI) synchrony and stepwise-sliding
motion, typically observed in molecular motors (e.g. the
actin-myosin system). We further show that the sequence
of the transition from OOI to full synchrony leads to en-



hanced transport.

In our model, a rocking ratchet potential is symmet-
rically perturbed by means of an elastic coupling that is
provided by the displacement coordinates. The motion
of two ratchets (in dimensionless form) is described by
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=acos(wt) (i=12), (1)
where the normalized time ¢ is taken in units of the small
resonant frequency wy ' of the system; a,w, and b are re-
spectively the amplitude of the forcing strength, the fre-
quency of the external forcing and the damping param-
eter. V(xy») is the perturbed two-dimensional ratchet
potential given as:

1 € 2
V(zy2) =2C - o [p(x1) + d(z2)] + §(:c; — )%, (2)

where ¢(x) 2) = sin2m(xy 2 — x0) + %sin dm(xy 0 — ®);
the last term is the coupling term and ¢ is the coupling
strength which determines the dynamics and hence the
transport properties of the Eq. (1). The parameter g
in ¢(x, ») is appropriately chosen such that the minima
of V(xy ) are located at the integers; whereas the other
parameters are taken as § = 1.614324 and C' = 0.0173.

The perturbed 2-dimensional ratchet potential (2)
for four different values of the coupling strength, ¢ =
0,0.05,0.15, 1.0, are shown in Fig. 1. The minima and
maxima of the potential are marked with blue and red
color respectively. It is to be noted that as the cou-
pling strength is increased progressively, the heights of
the 2-dimensional potential V(& 2) decreases along the
diagonal. Thus, for sufficiently large €, the particles can
tunnel through the barrier and move collectively in a
synchronized manner as a single large entity with en-
hanced transport. This motion significantly determines
the global dynamics and the transport properties of the
coupled inertia ratchets (1).

Now, we explore this collective dynamics of the coupled
ratchets (1) as € is increased. At first, we consider the
average bare energies [17] represented as,
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where pp 2 is the associated momentum and V(wx;2) is
the potential. We have fixed the parameters as a =
0.0809472,b = 0.1,y = 0.82, and w = 0.67 for which
the uncoupled individual systems exhibit intermittent
chaotic dynamics and left sufficient initial transients in
all our simulations. h;» are plotted in Fig. 2(a) as a
function of € in the range € € (0,1). Above the threshold
value € > ¢, = 0.68, the average bare energies become
identical and hence full synchrony is achieved. Just after
this point, the average error state 5 given by

0= %]“: [\/(:r-z ~21)2 + (12— .1;1)2] dt,  (4)
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FIG. 1: Two dimensional ratchet potential V(z, ) for dif-
ferent coupling strength. The parameter z¢o = 0.82. (a) No
interaction, € = 0, (b) weak coupling, ¢ = 0.05, (¢) moderate
coupling, ¢ = 0.15 and (d) strong coupling, ¢ = 1.0 .
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FIG. 2: Transition to collective dynamics. (a) The average
energies hy 2 vs € shows the transition between intermittent
and full synchronization states and (b) show the avarage error
dynamics, 7 in the same range of e. The parameters are set
as: a = 0.0809472,b = 0.1, zp = 0.82, and w = 0.67.

also approaches zero as can be seen in Fig.2(b).

It is important to note that in the fully synchronized
state, collective transport can occur in both the posi-
tive and negative directions, while the dynamics of each
particle 2 » could be chaotic or absolutely periodic de-
pending on e. With moderate coupling in the range
e € (0.05,0.45), prior to the synchronization threshold
€1h, the coupled ratchets exhibits on-off intermittent syn-
chronization [18]. A basic illustration of on-off intermit-
tency is given in Fig. 3(a) for ¢ = 0.065. The cor-



responding trajectories of the state space x;(red) and
xa(green) exhibiting negative transport are shown in Fig.
3(b). Clearly, we see short-lived periods of constant, sig-
nal (Ax(t) = 1 (t) —22(¢) & 0) interrupted by larger am-
plitude bursts away from the synchronization manifold
(Az(t) = 0). We also see the on-off synchronized trans-
port in the positive direction in Fig. 3(b) for ¢ = 0.45.

An interesting mechanism by which the particles
achieve OOI is also evident from Fig. 3(b). Here,
we zoom a portion of Fig. 3(b) in the time interval
300 <t < 800 as displayed in Fig. 3(c). During the ear-
lier dynamics (¢ < 400) in Fig. 3(c), the particles advance
in asynchronized (an on-state) manner and then get cap-
tured in the ratchet potential well, where they achieve
temporal synchrony (off-state) - moving as a single en-
tity and transporting periodic current. Due to the en-
hanced transport arising from synchronization, the par-
ticles acquire sufficient energy and suddenly, escape from
the well, each particle again oscillating chaotically with
larger amplitute in an asynchronized manner. During the
on-state, the two particles slides over each other and in
the off-state, move with the same displacement along the
same path that is inevitably short-lived and then followed
by unlocking, and so on. Thus, the repeated sequence of
this motion (in forward or backward directions) gives rise
to the OOI synchronized transport and clearly demon-
strates the dynamical behavior of a stepwise-sliding mo-
tion of the actin-myosin system (that represents the most
prominent group of multimotors in muscles). It has been
reported that the contraction of muscle cells is a con-
sequence of the sliding between thick filaments (actin)
and thin filaments (myosin) aligned in parallel [20]. By
tracking the course of sliding, it is possible experimen-
tally to determine the size of the steps with nanometer
precision (see [21-24] and references therein). This slid-
ing could oceur stepwise, in either forward or backward
(corresponding to sarcomere lengthening) directions, or
sometimes a combination of these steps; each step be-
ing & 2.7nm. and sometimes at inter multiples of 2.7nm,
which corresponds to the size of an actin monomer in the
actin filament [21] or to the kinesin-microtubule system.

A natural question of interest is whether the intermit-
tent transport of cach particle in the OOI synchronized
states differ from that of the collective dynamics (i.e.
Ax(t) = 0). To confirm this, we characterize quantita-
tively the corresponding dynamics for € = (0.065 by com-
puting the probability distribution of the laminar phase
A(t) of the difference variable Az(t) and the average lam-
inar length of the variables z, »(#) at the critical bifurca-
tion point a, = 0.0809474 as shown in Fig. 4. The collec-
tive dynamics Az(t) = 0 of the coupled ratchets displays
on-off intermittency satisfying a —3/2 power law scaling
(Fig. 4(a)), while the individual dynamics exhibit type
I intermittency [19] with a —1/2 power law scaling (Fig.
4(b)).

In order to understand in detail the accompaning dy-
namics and the transition to full synchrony, we examine
the dynamics of the coupled system (1) for different val-
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FIG. 3: Synchronization dynamics for the intermittent trans-
port region. (a) On-off intermittency of the error state
Az(t) = x(t) — x2(t) for € = 0.065 , (b) Directed intermit-
tent chaotic transports for € = 0.065 (negative transport) and
e = (.45 (positive transport) and (¢) Stepwise-sliding dynam-
ics during an intermittent synchronized state for e = 0.065.
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FIG. 4: Distribution of (a) laminar phases A(t) of the differ-
ence Az (1) satisfying a —3/2 power law scaling typical of on-
off intermittency and (b) average laminar lengths with varying
parameter a satisfying the scaling law < | > o e with
e = a. —a and a. = 0.0809474 (z(t)(red) and x2(t)(green)).
The coupling strength is ¢ = 0.065.

ues of e. For ¢ = 0 (fixing other parameters) only one
chaotic attractor exists in each of the subspaces. As ¢
is increased, the two ratchets begin to interact and the
interaction leads to an attractor bubbling in which un-
stable periodic orbits co-exist with the chaotic attrac-
tors in both sub-spaces. Specifically, for ¢ near the on-
off intermittency, the asymmetric period 4 attractor co-
exists with the chaotic attractor (Fig. 5(a)); these sub-
sequently collides with the boundaries of the chaotic at-
tractor and are destroyed in a erisis event that results in
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FIG. 5 Sequence of the transition in the subspace

(w2(t),v2(t)) accompanied by crisis event. va(t) = @a2(t). (a)
Co-existing chaotic and a period-4 attractor for ¢ = 0.002,
(b) co-existing chaotic attractors for € = 0.0685 just after the
OO0TI at ¢ = 0.065, (¢) attractor splitting for ¢ = (.25 and
(d) new chaotic attractor born during a synchronized state
(e =0.9).

the gradual collapse of the chaotic attractor (Fig. 5(b)).
From the transition sequence shown in Fig. 5(b)-(d), the
main body of the chaotic attractor (denoted by M,) is

4

weakly registered and gradually being split into two dis-
tinct chaotic attractors (denoted by €y and Cy). Finally,
a new chaotic attractor that occupies nearly the entire
phase space is born in the fully synchronized state (Fig.
5(d)), a signature of the enhanced transport resulting
from the collective behavior of the coupled inertia ratch-
ets (1).

We have shown in this letter that two coupled iner-
tia ratchets achieve full synchrony via on-off intermit-
tent synchronized state associated with crisis event dur-
ing which each particle exhibits intermittent stepwise-
sliding dynamics. This kind of motion does not occur
in 1D ratchet models and provides a theoretical explana-
tion of the origin of stepwise-sliding in molecular motors.
The observation of stepwise-sliding in coupled ratchets
and its connection with OOI synchrony, which has not
been reported previously, further suggests that the step-
size paradigm and its determination that consititute the
main goal of a large munber of recent experimental in-
vestigation on interacting molecular motors could be un-
ravelled by observing synchronized dynamics. We also
identified type I intermittency for each particle during
the on-off intermittent state; and show that the sequence
of transition from on-off intermittency to full synchrony
leads to enhanced transport.
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