A Douady-Oesterlé type estimate for the Hausdorff dimension of invariant sets of piecewise smooth maps

J. Neunhäuserer^1 Fachbereich Mathematik, Technische Universität Dresden Mommsenstr. 13, 01062 Dresden, Germany e-mail: neuni@math.tu-dresden.de

Abstract

We prove a Douady-Oesterlé type estimate for the Hausdorff dimension of invariant sets of piecewise smooth maps under some assumption on the Hausdorff measure of the singularity set and its pre images. Furthermore we apply this result to the Belykh systems, the Lozi systems and a class of piecewise affine solenoid like systems. AMS subject classification: 37C45

1 Introduction

In the theory of dynamical systems it is well known that invariants sets like attractors or hyperbolic sets often have a non-smooth (”fractal”) geometry. The most important quantity that characterise such sets is the Hausdorff dimension (see [12] and chapter 13 of [4]). For smooth systems we have a general approach that allows us to find upper estimates for the Hausdorff dimension of invariant sets in terms of the singular values of the Jacobi matrix of the smooth map. This approach goes back to an article of Douady-Oesterlé [3] and was developed further in [6], [10] and [9].

But in the theory of dynamical systems we often deal not only with smooth but with piecewise smooth maps. For instance the Poincaré first return map for a smooth flow is as rule only piecewise smooth. Also in concrete physical situations one often use piece wise smooth maps as models. Thus one would like to have estimates of the Douady-Oesterlé type for invariant sets of such maps.

There is one result in this direction found by Reitmann and Schnabel [13]. Roughly speaking Reitmann and Schnabel assumed that the sets of pre images of the singularity are in a special sense controllable to get a dimension estimate. For some well known simple classes of systems it was shown by the authors that their assumptions hold. But in fact in some more complicated examples these assumptions does not hold at all.

In this paper we present a Douady-Oesterlé type estimate for another class of piecewise smooth dynamical systems. We need a special assumption on the Hausdorff measure of the singularity set and its pre images (see Theorem 2.1 below). In fact this as assumption is easy to check for some interesting classes of systems and especially our theorem is applicable in situation where the results in [13] can not be applied.

1Supported by ”DFG-Schwerpunktprogramm - Dynamik: Analysis, effiziente Simulation und Ergodentheorie”.

We will apply our general result to three classes of systems illustrating these fact. We get estimates of the Hausdorff dimension of invariant sets for the Belykh systems, for the Lozi systems and for a class of piecewise affine solenoid like systems.

2 Definitions and results

Let M be a C^∞-Riemmanian manifold and U ⊆ M. We consider a special class of piecewise smooth maps on U.

Definition 2.1 We say that a map f : U −→ M full fills condition (PC) if for all m ∈ IN there is a partition {U^m_1 , . . . U^m_{i(m)}} of U with connected Borel sets that have compact closure such that f^m_k := f^m_{|U} m_k is a C^1-map and is C^1-extendable to some open neighbourhood of U^k_m for all k = 1 . . . i(m).

Remark 2.1 If we would not suppose that the sets U^m_k have compact closure then condition (PC) would be equivalent to condition (H0) and (H1) of [13].

Now we introduce the notations we need to state our main result. First we recall the definitions of Hausdorff measure and Hausdorff dimension.

Definition 2.2 Let K be a subset of M, ϵ > 0 and d ≥ 0. The (d, ϵ)-Hausdorff measure of K is given by

H^d_ϵ (K) = inf{ ∑ i∈I (diamP_i)^d|I countable, Z ⊆ ⋃ i∈I P_i and diam(P_i) ≤ ϵ}.

We define the d-dimensional Hausdorff measure H^d(K) of K by H^d(K) = lim_{ϵ−→0} H^d_ϵ (K). The Hausdorff dimension dim_H K of K is now given by dim_H K = sup{d|H^d(K) = ∞} = inf{d|H^d(K) = 0}.

Remark 2.2 The set functions H^d(.) define outer measures on M and measures on the Borel σ-algebra on M (see appendix I and V of [12]).

Now we introduce singular values and the singular value function.

Definition 2.3 Let E and E^′ be n-dimensional Euclidian spaces and let L : E −→ E^′ be a linear operator. We denote the singular values of L, i.e. the eigenvalues of √ L^∗L where L^∗ is the adjoint operator of L, by α_1(L) ≥ . . . α_n(L) ≥ 0. For d ∈ [0, n] we define the singular value function of L by

W_d(L) = {

1 if d = 0 α_1(L) · · · . . . · α_{⌊d⌋}(L)α_{⌊d⌋+1}(L)^{d−⌊d⌋} if d > 0 Given f : U −→ M satisfying (PC) and x ∈ U we define the singular value function of f by W_d(f, x) := W_d(D_xf) where D_xf : T_xM −→ T_{f(x)}M is the tangent map of the C^1-extension of f.

Let us state our main result.

Theorem 2.1 Suppose f : U −→ M satisfying condition (PC). Let K be a compact finvariant, i.e. f(K)=K, subset of U. If we have a number d ∈ (0, n] such that sup_{x∈K} W_d(f, x) < 1 and ∀m ∈ IN ∀k ∈ {1, . . . , i(m)} : H^d(K ∩ (U^m_k \U^m_k )) = 0 then dim_H K ≤ d holds.

Remark 2.3 We compare our result with Theorem 4.1. of [13] about the Hausdorff dimension estimates for invariant sets piecewise smooth maps. We replaced condition (H2) of [13] by the assumption that the intersection of K with the singularity set and its pre images has zero d-dimensional Hausdorff measure. We will see in section four that our theorem is applicable in situations were theorem 4.1. of [13] is not applicable (see remark 3 after Estimate 4.1).

Remark 2.4 In some situations it is useful to replace the map f by a power of f in order to get better dimension estimates by Theorem 2.1 . This fact is due to Lemma 2.2 .

In the following corollary of our main theorem we introduce a Lyapunov function p into the dimension estimate.

Corollary 2.1 Suppose f : U −→ M satisfying condition (PC). Let K be a compact finvariant, i.e. f(K)=K, subset of U. If we have a number d ∈ (0, n] and a continuous function p : K −→ IR^+ := {x ∈ IR|x > 0} such that sup_{x∈K}( p(f(x)) p(x) W_d(f, x)) < 1 and ∀m ∈ IN ∀k ∈ {1, . . . , i(m)} : H^d(K ∩ (U^m_k \U^m_k )) = 0 then dim_H K ≤ d holds.

Proof We get this Corollary 2.1 from Theorem 2.1 by the same arguments that were used in the proof of Corollary 4.2. in [13]. □

Remark 2.5 It is known in the context smooth maps that the use of a Lyapunov function often allows us to find better dimension estimates (see [6]). It seems obvious that this will be as well true for piecewise smooth maps.

3 Proof of the main result

The following lemma is essential for the proof of our theorem:

Lemma 3.1 Suppose that f : U −→ M satisfies condition (PC). Furthermore suppose that for d ∈ (0, n], m ∈ IN and for a compact f-invariant set K the inequality sup_{x∈K} W_d(f^m, x) < δ holds. Then we have H^d(f^m(K)) ≤ C(d)δ(H^d(K) + i(m)∑

k=1 H^d(K ∩ (U^m_k \U^m_k ))) where C(d) = 2^{⌊d⌋}(⌊d⌋ + 1)^d.

Proof Let f̃^m_k be the C^1-extension of f^m_k to some open neighbourhood of U^m_k and let c(d) = 2 √ ⌊d⌋ + 1. We have:

f^m(K) = i(m)⋃

k=1 f^m_k (K ∩ U^m_k ) ⊆ i(m)⋃

k=1 f̃^m_k (K ∩ U m_k )).

Hence H^d_{c(d)δ}1/d_ϵ(f^m(K)) ≤ H^d_{c(d)δ}1/d_ϵ( i(m)⋃

k=1 f̃^m_k (K ∩ U m_k ))

≤ i(m)∑

k=1 H^d_{c(d)δ}1/d_ϵ(f̃^m_k (K ∩ U^m_k )).

Fix k ∈ {1, . . . , i(m)}. Since f̃^m_k is C^1 on some open neighbourhood of the compact set K ∩ U^m_k and sup x∈K∩U^m_k W_d(f̃^m_k ) < δ we get from lemma 3.3. of [10] that there exits ϵ_0(k) such that for all ϵ ∈ (0, ϵ_0(k)] H^d_{c(d)δ}1/d_ϵ(f̃^m_k (K ∩ U^m_k )) ≤ C(d)δH^d_ϵ (K ∩ U^k_m) Now let ϵ_0 := min{ϵ_0(k)|k = 1, . . . , i(m)} an ϵ ∈ (0, ϵ_0]. We get H^d_{c(d)δ}1/d_ϵ(f^m(K)) ≤ C(d)δ i(m)∑

k=1 H^d_ϵ (K ∩ U^k_m) and using the fact that K ∩ U^m_k ⊆ (K ∩ U^m_k ) ∪ (U^m_k \U^m_k ) H^d_{c(d)δ}1/d_ϵ(f^m(K)) ≤ C(d)δ i(m)∑

k=1 (H^d_ϵ (K ∩ U^m_k ) + H^d_ϵ (K ∩ (U^m_k \U^m_k ))).

Now taking the limit ϵ −→ 0 we get H^d(f^m(K)) ≤ C(d)δ i(m)∑

k=1 (H^d(K ∩ U^m_k ) + H^d(K ∩ (U^m_k \U^m_k )))

= C(d)δ(H^d(K) + i(m)∑

k=1 H^d(K ∩ (U^m_k \U^m_k ))) To get the last equitation we used the fact that U^m_k ∩ K are disjoint Borel sets and H^d(.) is a Borel measure (see appendix I and V of [12]) and thus especially additive. □ We need one another simple lemma that is about the singular value function. Lemma 3.2 Suppose f : U −→ M satisfying condition (PC). Let K be a compact f-invariant, i.e. f(K)=K, subset of U and let d ∈ (0, n]. We have sup_{x∈K} W^d(f^m, x) < (sup_{x∈K} W^d(f, x))^m Proof This lemma follows immediately from Lemma 3.1. of [13]. The proof can be done in exactly the same way as in the usual situation of C^1 maps (see the corresponding statements in [10] and [3]). □ Proof of Theorem 2.1 We know from Lemma 2.2 that if sup_{x∈K} W^d(f, x) < 1 holds we have lim m−→∞ supx∈K W d(f^m, x) = 0. Hence under first assumptions of our theorem there exist m ∈ N and δ ≥ 0 such that C(d)δ < 1 and sup_{x∈K} W^d(f^m, x) < δ. Using the invariance of K we have H^d(K) = H^d(f^m(K)). Thus we get from lemma 3.1.

H^d(K) ≤ C(d)δ(H^d(K) + i(m)∑

k=1 H^d(K ∩ (U^m_k \U^m_k )))

and using Using the second assumption of our theorem we see that H^d(K) ≤ C(d)δH^d(K) with C(d)δ < 1. Hence we have H^d(K) = 0 and consequently dim_H K ≤ d. □

4 Applications

The Belykh systems We consider the class of Belykh systems given by piecewise affine transformations f_{β,τ,k}(x, y) : [−1, 1]^2 −→ [−1, 1]^2 f_{β,τ,k}(x, y) = { (βx + (1 − β), τy + (1 − τ)) if y ≥ kx (βx − (1 − β), τy − (1 − τ)) if y < kx where β ∈ (0, 1), k ∈ (−1, 1) and τ ∈ (1, 2/(|k| + 1)]). The original Belykh map was introduced by Belykh in [1]. This version of the Belykh map is due by to Pesin [11] who studied ergodic properties of this map. Dimensional theoretical properties of the Belykh attractor were studied by Schmeling [14].

f^k_{β,τ}

U

V

f^k_{β,τ} (U) f^k_{β,τ} (V )

Figure 1: The Belykh maps

We want to apply theorem 2.1. to these systems.

Estimate 4.1 Let β ∈ (0, 1), k ∈ (−1, 1) and τ ∈ (1, 2/(|k| + 1)]). and let K be a compact set which is invariant under f_{β,τ,k} then

dim_H K ≤ 1 − log τ/ log β

Proof Let d = (1 − log τ/ log β) + ϵ where ϵ > 0. Note that d > 1. The singular values of D_xf_{β,τ,k} are constant and given by τ > β > 0. Hence W_d(f_{β,τ,k}, (x, y)) = τβ^{d−1} = β^ϵ < 1. Obviously we can choose the partitions ({U^m_1 , . . . , U^m_{i(m)}} in a way such that the partition elements have one dimensional boundary and hence H^d(U^m_k \U^m_k ) = 0. By Theorem 2.1 we now get dim_H K ≤ d. Since ϵ > 0 was arbitrary our claim is proved. □

Remark 4.1 Our estimate only gives some information if τ < β^{−1}. If this is not the case we have the trivial estimate by dimension two.

Remark 4.2 Schmeling [14] showed that for almost all parameter values (with some technical restrictions) the Hausdorff dimension of the Belykh attractor is given by min{2, 1−log τ/ log β}. Thus if τ < β^{−1} the estimate obtained by theorem 2.1. is at least generically sharp.

Remark 4.3 Reitmann and Schnabel [13] remarked that they could not apply their dimension estimates to the Belykh systems in general. Thus we see that there are situations where our result is more appropriate.

The Lozi systems Now for b ∈ (0, 1) and a ∈ (0, 2(1 − b)) we consider the class of Lozi systems (see [11]) given by the transformations g_{a,b}(x, y) : [−1/(1 − b), 1/(1 − b)]^2 −→ [−1/(1 − b), 1/(1 + b)]^2 g_{a,b}(x, y) = (1 + by − a|x|, x). The Lozi map was introduced by Lozi in [7]. Ergodic properties of the map were studied in[2] and estimates of the Hausdorff dimension were given by Ishii [5].

g_{a,b}

A B C

E F G Ē C̄

F̄ B̄

Ḡ Ā L R g_{a,b}(L) g_{a,b}(R)

Figure 2: The Lozi maps

By Theorem 2.1 we get the following dimension estimate.

Estimate 4.2 Let b ∈ (0, 1) and a ∈ (0, 2(1 − b)) and let K be compact subset of [−1/(1 − b), 1/(1 − b)]^2 which is invariant under a Lozi map g_{a,b}. Set β_1 = 1/2( √ (a^2 + b^2 + 1)^2 − 4b^2 + a^2 + b^2 + 1) β_2 = 1/2(− √ (a^2 + b^2 + 1)^2 − 4b^2 + a^2 + b^2 + 1 Furthermore assume that β_2 < 1. Then we have dim_H K ≤ 1 − log β_1/ log β_2.

Proof Let d = 1−log β_1/ log β_2 +ϵ where ϵ > 0. Note that for all (x, y) ∈ [−1/(1−b), 1/(1−b)]^2 we have (D_{(x,y)}g_{a,b})^T D_{(x,y)}g_{a,b} = ( a^2 + 1 −ab −ab b^2 ) if x ≥ 0 D_{(x,y)}g_{a,b})^T D_{(x,y)}g_{a,b} = ( a^2 + 1 ab ab b^2 ) if x < 0

A simple calculation shows that the singular values are constant and given by α_1 = √ β_1 and α_2 = √ β_2. We have W_d(g_{a,b}, (x, y)) = α_1α^{d−1}_2 = α^ϵ_2 < 1. Furthermore the singularity of the system ([−1/(1 − b), 1/(1 − b)]^2, g_{a,b}) is given by S = [−1, 1] × {0} and since g_{a,b} is just a affine map on [−1/(1 − b), 0]^2 and [0, 1/(1 − b)]^2 we see that ⋃_m i=0 g^{−i}_{a,b}(S) consists of a finite number of line segments. Hence we can choose the U^m_k as domains bounded by a polygon. The boundary of these sets is thus one dimensional and since d > 1 we get H^d(U^m_k \U^m_k ) = 0. We are thus in a situation where theorem 2.1. applies and since ϵ > 0 was arbitrary our claim is proved. □

Remark 4.4 If we set b = 1.7 and a = 0.1 we get dim_H K ≤ 1.18761294 . . . which is better than the upper estimate by 1.247848 . . . found in [5]. By [5] a lower bound on the Hausdorff dimension is given by 1.176669 . . .. In fact we do not know if our upper bound is sharp.

Piecewise affine solenoid like systems

Consider the following class of three dimensional piecewise affine maps

f_ϑ : [−1, 1]^3 −→ [−1, 1]^3 f_ϑ(x, y, z) = { (β_1x + (1 − β_1), 2y − 1, τ_1z + (1 − τ_1)) if y ≥ 0 (β_2x − (1 − β_2), 2y + 1, τ_2z − (1 − τ_2)) if y < 0 where ϑ = (β_1, β_2, τ_1, τ_2) ∈ P := {(u, v, s, t)|u, v, s, t ∈ (0, 1), s + t ≥ 1, u + v < 1, u > v, s > t}.

f_ϑ

f_ϑ(A) f_ϑ(B)

A B

Figure 3: The action of f_ϑ on [−1, 1]^3.

Again by Theorem 2.1 we get can get a dimension estimates.

Estimate 4.3 Let ϑ = (β_1, β_2, τ_1, τ_2) ∈ P and K be a compact f_ϑ invariant set then

dim_H K ≤ 2 − log(2β_1) log(τ_1) . Proof Let d = 2 −^{log(2β1)}_{log(τ1 )} + ϵ where ϵ > 0. The singular values in a point (x, y, z) are given by 2 ≥ β_1 ≥ τ_1 if y ≥ 0 and 2 ≥ β_1 ≥ τ_1 if y < 0. Thus W^d(f_ϑ, (x, y, z)) = 2β_1τ^{d−2}_1 if y ≥ 0 and W^d(f_ϑ, (x, y, z)) = 2β_2τ^{d−2}_2 if y < 0 but anyway W^d(f_ϑ, (x, y, z)) < 1. It is easy to see that one can choose the sets U^m_i with two dimensional boundary and since d > 2 we get H^d(U^m_k \U^m_k ) = 0. Thus we are done. □

Remark 4.5 It follows from [8] that the Hausdorff dimension of the attractor of the map f_ϑ is always bounded from above by the solution of β_1τ^{x−2}_1 + β_2τ^{x−2}_2 = 1 and that in some parts of the parameter space this upper bound is at least generically sharp (in the sense of Lebesgue measure). This example shows that the estimates obtained by 2.1 can not be expected to be sharp in general. The problem is that the singular value function is not constant here and Douady-Osterlé type estimates take the worst contraction rates of the system everywhere into consideration. If we consider the symmetric case β_1 = β_2 = β and τ_1 = τ_2 = τ the singular value function is constant and the estimate in 4.3 is generically sharp (see again [8])

Acknowlegdments

I wish to thank Volker Reitmann for pointing my interest to the topic of this paper and Katrin Gelfert for some valuable comments.

References

[1] V.M. Belykh, Qualitative Methods of the Theory of Nonlinear Oscillations in point systems, Gorki University Press, 1980.

[2] P. Collet, Y. Levy, Ergodic properties of the Lozi mappings, Commun. Math. Phys. 93, 461-481, 1984.

[3] A. Douady and J. Oesterlé, Dimension de Hausdorff des attracteurs, C.R. Acad Sci. Paris Ser. A 290, 1135-1138, 1980.

[4] K. Falconer, Fractal Geometry - Mathematical Foundations and Applications, Wiley, New York, 1990.

[5] Y. Ishii, Towars a Kneading Theory for the Lozi Mappings. II: Monotonicity of topological entropy and Hausdorff dimension of attractors, Comm. Math. Phys 190, 375-394, 1997.

[6] G.A. Leonov and and V.A.Boichenko, Lyapunov’s direct method in the estimation of the Hausdorff dimension of attractors, Acta Appl. Math. 26, 1-60, 1992.

[7] R. Lozi, In attracteur étrange du type Hénon, J. Phys.(Paris) 39(Coll.C5),69-77, 1978.

[8] J. Neunhäuserer, Properties of some overlapping self-similar and some self-affine measures, Schwerpunktprogramm der deutschen Forschungsgemeinschaft: DANSE, Preprint 35/99; to appear in: Acta Mathematica Hungariaca vol. 93 (1-2), 2001.

[9] A. Noack, Hausdorff dimension estimates for time discrete Feedback Control systems, ZAMM 77/12, 891-899, 1997.

[10] A. Noack and V.Reitmann, Hausdorff dimension estimates for invariant sets of timedependent vector fields, Zeitschrift für Analysis und ihre Anwendungen (ZAA) 15/2, 457-473, 1996.

[11] Ya. Pesin, Dynamical systems with generalised hyperbolic attractors: hyperbolic, ergodicand topological properties, Ergod. Th. Dyn. Syst. 12, 123-151, 1992.

[12] Ya. Pesin, Dimension Theory in Dynamical Systems - Contemplary Views an Applications, University of Chicago Press, 1997.

[13] V. Reitmann and U. Schnabel, Hausdorff dimension estimates for invariant sets of piecewise smooth maps, Schwerpunktprogramm der Deutschen Forschungsgemeinschaft: DANSE, Preprint 50/97; to appear in ZAAM.

[14] J. Schmeling, A dimension formula for endomorphisms - The Belykh family, Ergod. Th.

Dyn. Sys 18, 1283-1309, 1998.