Properties of some overlapping self-similar and some self-affine measures

J. Neunhäuserer^1 Fachbereich Mathematik, Technische Universität Dresden Mommsenstr. 13, 01062 Dresden, Germany e-mail: neuni@math.tu-dresden.de

Abstract

We generalise the Theorems of Peres and Solomyak about the absolute continuity resp. singularity of Bernoulli convolutions ([19], [16], [17]) to a broader class of self-similar measures on the real line. Using the dimension theory of ergodic measures (see [11] and [2]) we find a formula for the dimension of certain self-affine measures in terms of the dimension of the above mentioned self-similar measures. Combining these results we show the identity of Hausdorff and box-counting dimension of a special class of self-affine sets.

Mathematics Subject Classification: 28A80, 28D20 Key words: self-similar, self-affine, Hausdorff dimension, box-counting dimension

1. Introduction

Self-similar sets and measures are the simplest objects of fractal geometry. They raised great interest in mathematics and also natural science. If the images of the similarities are separated we know the Hausdorff and box-counting dimension of the corresponding self-similar sets and measures.^2. But if these images overlap the situation is more difficult. Recently one major progress was achieved by Peres and Solomyak (see [19], [16], [17]). They succeeded in determining generic properties of symmetric overlapping self-similar measures on the real line (Bernoulli convolutions). In this article we will use techniques developed by Peres and Solomyak to find a generalisation of these results to asymmetric overlapping self-similar measure on the real line (see Theorem I below).

Self-affine sets and measures provide a more general class of fractal objects. The dimensional theoretical properties of these sets and measures are very difficult to understand. The existence of different rates of contraction in different directions of the affine maps inducing these sets and measures forces mathematical problems that are not solved in general these days. We will use here a dynamical approach relying on the dimension theory of ergodic measures(see [11] and [2]). We will find an expression of the dimension of certain self-affine measures in terms of the dimension of overlapping self-similar measures (see Theorem II below). Using these results we are able to find generically self-affine measures of full dimension on a

1Supported by ”DFG-Schwerpunktprogramm - Dynamik: Analysis, effiziente Simulation und Ergodentheorie”. The contents of this work is part of my dissertation [14], which was supported by ”Promotionsstipendium der Berliner Universitäten”

2We recommend the book of Falconer [6] or the book of Pesin [15] for an introduction to fractal geometry and dimension theory. All notions we presuppose here can be found in this books.

special class of self-affine sets. As a consequence we show that the Hausdorff dimension of these sets equals theirs box-counting dimension, which is easy to calculate (see Theorem III below). The rest of the paper is organised as follows: In section 2 we give some definitions and state our main results. In section 3 we proof Theorem I, in section 4 we proof Theorem II and in the last section we proof Theorem III.

Acknowledgements I like to thank Jörg Schmeling, who helped me a lot to find the results presented here.

2. Notations and results

Let Σ^+ = {−1, 1}^{IN0} and let Σ = {−1, 1}^{ZZ} . Define a metric d̃ on Σ^+ resp. Σ by d̃(s, t) =^∞∑ k=j |s_k − t_k|2^{−|k|} where j = 0 resp. j = −∞ and s = (s_k), t = (t_k). Moreover let b^p for p ∈ (0, 1) be the Bernoulli measure on Σ^+ which is the product of the discrete measure on {−1, 1} assigning 1 the probability p and −1 the probability (1 − p). Given s ∈ Σ^+ we denote by ♯_k(s) the cardinality of the set {s_i|s_i = −1 i = 0 . . . k}. Now for β_1, β_2 ∈ (0, 1) we define a map π_{β1,β2} : Σ^+ −→ IR by

π_{β1,β2} (s) = ∞∑ k=0 s_kβ^{♯k(s)}_2 β^{k−♯k(s)+1} 1 . Obviously this map is continuous with respect to the metric d̃ and its image is in the interval [^{−β2}_{1−β2} ,^{β1}_{1−β1} ]. Hence b^p_{β1,β2} := π_{β1,β2} (b^p) = b^p ∘ π^{−1}_{β1,β2} is a Borel probability measure concentrated on [^{−β2}_{1−β2} ,^{β1}_{1−β1} ]. It is easy to see that b^p_{β1,β2} is a self-similar measure in the following sense

b^p_{β1,β2} = pL_1(b^p_{β1,β2} ) + (1 − p)L_2(b^p_{β1,β2} )

where L_1(x) = β_1x + β_1 and L_2(x) = β_2x − β_2 are linear maps on the real line. If β_1 +β_2 ≥ 1 we call the measure b^p_{β1,β2} overlapping and if β_1 +β_2 < 1 we call it non-overlapping. Properties of non-overlapping self-similar measures are well known. In the non-overlapping case b^p_{β1,β2} is concentrated on a Cantor set and it’s Hausdorff and box-counting dimension are given by^{p log p+(1−p) log(1−p)}

p log β_1+(1−p) log β_2 (see [8]). Now let β ∈ [0.5, 1). The symmetric overlapping self-similar

measures b^p_β := b^p_{β,β} are usually called Bernoulli convolutions. The equal weighted Bernoulli convolutions b_β := b^{0.5}_β raised great interest in mathematics since Erdös ([4], [5]) discovered that b_β is absolutely continuous for almost all β in some neighbourhood of one and singular if β is the reciprocal of a Pisot-Vijayarghavan number.^3 Recently one major progress about Bernoulli convolutions was achieved by Peres and Solomyak:

3Recall that a Pisot-Vijayarghavan number is an algebraic integer α > 1 which has all it’s conjugates inside the unit circle; see [1]. Consequences of number theoretical peculiarities in the dimension theory of dynamical systems are part of my dissertation (see [13], [14] and references in there).

Theorem ([17])

Let p ∈ (0, 1) and q ∈ (1, 2]. Let I = [0.5, 1] if p ∈ [1/3, 2/3] and let I = [0.5, 0.649] if not. For almost all β ∈ I the measures b^p_β are absolutely continuous if β ≥ p^p(1 − p)^{1−p} and have a density in L^q if β ≥ (p^q + (1 − p)^q)^{1q−1} . If β < p^p(1 − p)^{1−p} the measures b^p_β are singular with

dim_Bb^p_β ≤ p log p + (1 − p) log(1 − p) log β

Remark

Solomyak [19] first proved that b_β is absolutely continuous with density in L^2 for almost all β ∈ [0.5, 1]. Then Peres and Solomyak [16] gave a considerably simplified proof of this statement and then proved the more general result stated here.

As far as we know the overlapping asymmetric self-similar measures b^p_{β1,β2} have not been studied jet. This will be done here:

Theorem I

Let p ∈ (0, 1) and q ∈ (1, 2]. For almost all (β_1, β_2) ∈ (0, 0.649)^2 the measures b^p_{β1,β2} are absolutely continuous if (β_2p)^p(β_1(1 − p))^{1−p} ≤ β_1β_2 and have a density in L^q if (β^{q−1}_2 p^q + β^{q−1}_1 (1 − p)^q)^{1q−1} ≤ β_1β_2. If (pβ_2)^p((1 − p)β_1)^{1−p} > β_1β_2 the measures b^p_{β1,β2} are singular with

dim_B b^p_β ≤ p log p + (1 − p) log(1 − p) p log β_1 + (1 − p) log β_2 . Remarks

(1) We have to say a few word about the bound 0.649 that appears in theorem I. In step 4 of the proof we will see that it is due to a certain transversality condition that we need. In fact the bound is given by the infimum of all double zeros of power series with absolute value of the coefficients less or equal to one and first coefficient equal to one. An lower approximation of this quantity is 0.649 (see [19]). Peres and Solomyak ([19], [16], [17]) used some additional arguments concerning Fourier transformations to improve this bound to 1 in the symmetric situation if p ∈ [1/3, 2/3]. These arguments do not work if p < 1/3. Moreover we have not been able to improve the bound in the asymmetric situation and do not know if this bound is really essential.

(2) It is an interesting question if there are numbertheoretical exceptions to our generic result in the asymmetric situation. We have thought about this but have been not able to solve the problem.

Now given ϑ = (β_1, β_2, τ_1, τ_2) ∈ (0, 1)^4 with τ_1 + τ_2 ≤ 1 we consider two affine contractions in IR^2:

T_1(x, y) = (β_1x + β_1, τ_1y + τ_1) and T_{−1}(x, y) = (β_2x − β_2, τ_2y − τ_2).

T_{−1}

T_1

τ_2 τ_1

β_2 β_1

Figure 1: The action of the transformations T_1 and T_{−1} scaled on the unite square

We know that there is a unique self-affine set Λ_ϑ with Λ_ϑ = T_1(Λ_ϑ)∪T_{−1}(Λ_ϑ) (see [9]). Define the natural coding homeomorphism π̂_ϑ from Σ onto Λ_ϑ by

π̂_ϑ((s_k)) = lim_{n−→∞} T_{s1} ∘ T_{s22} ∘ . . . ∘ T_{sn} ([ −β_2 1 − β_2 , β_1 1 − β_1

] × [ −τ_2 1 − τ_2 , τ_1 1 − τ_1 ]). Given p ∈ (0, 1) we define a Borel probability measure b̂^p_ϑ on Λ_ϑ by b̂^p_ϑ = π̂_ϑ(b^p) = b^p ∘ π̂^{−1}_ϑ . It is obvious that b̂^p_ϑ is a self-affine measure in the following sense:

b̂^p_ϑ = pT_1(b̂^p_ϑ) + (1 − p)T_{−1}(b̂^p_ϑ).

Using the results of Ledrappier and Young [11] we can express the dimension of the self-affine measures b̂^p_ϑ in terms of the dimension of the self-similar measures b^p_{β1,β2} :

Theorem II

For all p ∈ (0, 1) and all ϑ = (τ_1, τ_2, β_1, β_2) ∈ (0, 1)^4 with τ_1 +τ_2 ≤ 1 and p log τ_1 +(1−p) log τ_2 ≤ p log β_1 + (1 − p) log β_2 we have

dim_B b̂^p_ϑ = dim_H b̂^p_ϑ = p log p + (1 − p) log(1 − p)

p log τ_1 + (1 − p) log τ_2

+ (1 − p log β_1 + (1 − p) log β_2 p log τ_1 + (1 − p) log τ_2

) dim_H b^p_{β1,β2} .

Remark

The condition p log τ_1 + (1 − p) log τ_2 ≤ p log β_1 + (1 − p) log β_2 means that the second coordinate axis forms the strong unstable direction with respect to the measure b̂^p_ϑ (see section 4). With the help of Theorem I and Theorem II we get the following result about the dimension of the self-affine sets Λ_ϑ:

Theorem III

For almost all ϑ ∈ {(β_1, β_2, τ_1, τ_2) ∈ (0, 0.649)^2 × (0, 1)^2 | β_1 + β_2 ≥ 1, τ_1 + τ_2 < 1} we have

dim_H b̂^p_ϑ = dim_H Λ_ϑ = dim_B Λ_ϑ = d + 1,

where d is the solution of β_1τ^x_1 + β_2τ^x_2 = 1 and p = β_1τ^d_1 .

Remarks

(1) We like to emphasise the difference of our result to the ”classical” theorem of Falconer [7] about the identity of box-counting and Hausdorff dimension of self-affine sets. First of all Falconer’s result is generic with respect to translations of given linear maps but our result is generic with respect to the contraction rates. Secondly Falconer had to assume the the contraction rates are less than 1/3. Solomyak [20] improved this bound to 1/2 and showed that Falconer’s theorem does not hold if we replace 1/2 by 1/2 + δ where δ > 0. In our situation we have larger contraction rates.

(2) Consider the symmetric self-similar sets Λ_{β,τ} := Λ_{β,β,τ,τ} . It follows from Theorem II and [19] that for almost all β ∈ (0, 5, 1) and all τ ∈ (0, 0.5) the identity

dim_H b̂^{0.5}_{β,β,τ,τ} = dim_H Λ_{β,τ} = dim_B Λ_{β,τ} = log 2β log τ + 1 holds. This identity has been shown before by Pollicott and Weiss [18] under the assumption that β is a Garsia-Erdös number.^4

4This means ∃ C > 0 ∀x ∈ IR : card{(s_0, . . . , s_{n−1}) ∈ {−1, 1}^n| ∑_{n−1} k=0 s_kβ^k ∈ [x, x + β^n)} ≤ C(2β)^n ∀n ≥ 1.

3. Proof of Theorem I

Part I: Absolute continuity By the theorem of Fubini the following claim is stronger than our assertions about the absolute continuity of the measures b^p_{β1,β2} in theorem I.

Claim: Let p ∈ (0, 1), q ∈ (1, 2] and c ∈ (0, 1]. The density of the measures b^p_{γ,cγ} is in L^q for almost all γ ∈ [γ_0(c, q, p), 0.649] where γ_0(c, q, p) = (p^q + c^{1−q}(1 − p)^q)^{1q−1} . We proof this claim. Fix p, q and c during the proof. 1. Step: An integral condition for the measures to have density in L^q We define the (lower) local density of a measure μ on the real line by D(μ, x) = lim_{r−→0} μ(B_r(x)) 2r . If we have ∫ (D(μ, x))^{q−1}dμ(x) < ∞ then μ is absolute continuous and has density in L^q. This follows from 2.12 of [12]. Thus it is sufficient for us to show that ℑ(γ_0) :=

∫_{0.649}

γ_0 ∫ (D(b^{p∗}_{γ,cγ}, x))^{q−1}db^{p∗}_{γ,cγ} (x) dγ < ∞ holds for all γ_0 > γ_0(c, q, p).

2. Step: Some estimates on the integral ℑ By applying Fatou’s lemma then changing variables using the definition of the measures b^p_{γ,cγ} and reversing the order of integration we obtain: ℑ(γ_0) ≤ lim_{r−→0} 1 (2r)^{q−1} ∫_{0.649}

γ_0 ∫ (b^p_{γ,cγ} (B_r(x)))^{q−1} db^p_{γ,cγ} (x)dγ

= lim_{r−→0} 1 (2r)^{q−1} ∫_{0.649}

γ_0 ∫ Σ^+ (b^p_{γ,cγ} (B_r(π_{γ,cγ} (s))))^{q−1} db^p(s)dγ = lim_{r−→0} 1 (2r)^{q−1} ∫ Σ^+

∫_{0.649}

γ_0 (b^p_{γ,cγ} (B_r(π_{γ,cγ} (s))))^{q−1} dγdb^p(s). Applying Hölder’s inequality, ∫ f^α ≤ C_1( ∫ f)^α where α ∈ (0, 1] and f ≥ 0, we get ℑ(γ_0) ≤ C_1lim_{r−→0} 1 (2r)^{q−1} ∫ Σ^+ ( ∫_{0.649}

γ_0 b^p_{γ,cγ} (B_r(π_{γ,cγ} (s)) dγ)^{q−1}db^p(s).

Now note that

∫_{0.649}

γ_0 b^p_{γ,cγ} (B_r(π_{γ,cγ} (s))) dγ = ∫_{0.649}

γ_0 ∫ 1_{Br (πγ,cγ (s))}(x) db^p_{γ,cγ} (x)dγ = ∫_{0.649}

γ_0 ∫ Σ^+ 1_{{t| |πγ,cγ (s)−πγ,cγ (t)|≤r}}db^p(t)dγ = ∫ Σ^+ ℓ({γ ∈ [γ_0, 0.649]| |π_{γ,cγ} (s) − π_{γ,cγ} (t)| ≤ r}) db^p(t). where ℓ denotes the Lebesgue measure. Thus ℑ(γ_0) is bounded from above by C_1 lim_{r−→0} 1 (2r)^{q−1} ∫ Σ^+ ( ∫ Σ^+ ℓ({γ ∈ [γ_0, 0.649]| |π_{γ,cγ}(s) − π_{γ,cγ} (t)| ≤ r}) db^p(t))^{q−1}db^p(s).

3. Step: Using the structure of the map π_{β1,β2} For s = (s_k) and t = (t_k) in Σ^+ let |s ∧ t| = min{k|s_k ≠ t_k}. We have ϕ_{s,t}(γ) := π_{γ,cγ} (s) − π_{γ,cγ} (t) = ∞∑ k=0 (s_kc^{♯k(s)} − t_kc^{♯k(t)})γ^{k+1}

= γ^{|s∧t|+1} ∞∑ k=0 (s_{k+|s∧t|}c^{♯k+|s∧t|(s)} − t_{k+|s∧t|}c^{♯k+|s∧t|(t)})γ^k

= γ^{|s∧t|+1}(s_{|s∧t|}c^{♯|s∧t|(s)} − t_{|s∧t|}c^{♯|s∧t|(t)})(1 + ∞∑ k=1 s_{k+|s∧t|}c^{♯k+|s∧t|(s)} − t_{k+|s∧t|}c^{♯k+|s∧t|(t)} s_{|s∧t|}c^{♯|s∧t|(s)} − t_{|s∧t|}c^{♯|s∧t|(t)} :=a_k(s,t) γ^k)

= 1/2(s_{|s∧t|} − t_{|s∧t|})(1 + c)γ^{|s∧t|+1}c^{♯|s∧t|−1(s)}(1 + ∞∑ k=1 a_k(s, t)γ^k). For the last equation we used the fact that ♯_{|s∧t|−1}(s) = ♯_{|s∧t|−1}(t).^5 Now setting g_{s,t}(γ) = 1 + ∑_∞ k=1 a_k(s, t)γ^k and C_2 = 1/2(s_{|s∧t|} − t_{|s∧t|})(1 + c) we have the formula ϕ_{s,t}(γ) = C_2γ^{|s∧t|+1}c^{♯|s∧t|−1(s)}g_{s,t}(γ). Here the absolute value of C_2 does not depend on s and t. We now claim that the absolute value of the coefficients of the power series g_{s,t} is less or equal to one: |a_k(s, t)| ≤ 1 ∀ k > 0 and s, t ∈ Σ^+. Since ♯_{|s∧t|−1}(s) = ♯_{|s∧t|−1}(t) we can write |a_k(s, t)| = (σ^{|s∧t|}(s))_kc^{σ|s∧t|(s)} − (σ^{|s∧t|}(t))_kc^{σ|s∧t|(t)} 1 + c . 5We use the convention that ♯_n(s) = 0 if n < 0

But we have |(σ^{|s∧t|}(s))_kc^{σ|s∧t|(s)} − (σ^{|s∧t|}(t))_kc^{σ|s∧t|(t)}| ≤ |c^{σ|s∧t|(s)}| + |c^{σ|s∧t|(t)}| ≤ 1 + c by the definition of |s ∧ t|, which proves our claim.

4. Step: The transversality condition Now we need some pure analytical tools to continue with the proof. We say that the ρtransversality condition holds for a C^1 function g on a closed interval I if g(x) < ρ ⇒ g^′ (x) > ρ ∀x ∈ I. This means that the graph of the function g crosses all horizontal lines that it meets below height λ transversally with slope at most −ρ. Obviously the transversality condition holds for some ρ on an interval I if and only if g has no double zero on the interval I (g(x) = 0 ⇒ g^′ (x) ≠ 0 ∀x ∈ I).

If we have the ρ-transversality condition for g on I then ℓ{x ∈ I||g(x)| ≤ r} ≤ 2rρ^{−1} ∀r > 0. This is easy to see. If r ≥ ρ then the claim is obvious. If r < ρ then g is monotonous decreasing with g^′ < −ρ on the set {x ∈ I||g(x)| ≤ r} by ρ-transversality. But this immediately yields the assertion.

From [19] we know that

O := inf{x|x is a double zero of a power series f = 1 + ∞∑ k=1 a_kx^k with |a_k| ≤ 1} ≈ 0.649138.

It follows that there is a ρ such that the ρ-transversality condition holds for all power series f = 1 + ∑_∞ k=1 a_kx^k with |a_k| ≤ 1 on the Interval [0, O]. Especially ρ transversality holds for all power series g_{s,t} defined in the third step of our proof on [0, 0.649]. Thus we get ℓ{γ ∈ [γ_0, 0.649]| |ϕ_{s,t}(γ)| ≤ r} ≤ ℓ{γ ∈ [γ_0, 0.649]| |g_{s,t}(γ)| ≤ r|C_2|^{−1}γ^{−|s∧t|−1}c^{−♯|s∧t|−1(s)}} ≤ 2ρ^{−1}r|C_2|^{−1}γ^{−|s∧t|−1}_0 c^{−♯|s∧t|−1(s)} = C_3rγ^{−|s∧t|−1}_0 c^{−♯|s∧t|−1(s)} with C_3 = 2ρ^{−1}|C_2|^{−1}. 5. Step: Integrating We put our estimates of step two and four together and obtain ℑ(γ_0) ≤ C_4 ∫ Σ^+ ( ∫ Σ^+ γ^{−|s∧t|−1} 0 c^{−♯|s∧t|−1(s)} db^p(t))^{q−1}db^p(s) where C_4 = C_1C^{q−1}_3 2^{1−q}. Now we integrate: ∫ Σ^+ γ^{−|s∧t|−1} 0 c^{−♯|s∧t|−1(s)} db^p(t) = ∞∑ n=0 γ^{−n−1}_0 c^{♯n−1 (s)}b^p({t ∈ Σ^+| |s ∧ t| = n})

= ∞∑ n=0 γ^{−n−1}_0 c^{−♯n−1 (s)}p^{n−♯n−1(s)}(1 − p)^{♯n−1 (s)}(s_n(1/2 − p) + 1/2). Using the inequality ( ∑ x_i)^α ≤ ∑ x^α_i for α = q − 1 ≤ 1 we continue with ℑ(γ_0) ≤ C_4 ∞∑ n=0 ∫ Σ^+ (γ^{−n−1}_0 c^{−♯n−1 (s)}p^{n−♯n−1(s)}(1 − p)^{♯n−1 (s)}(s_n(1/2 − p) + 1/2))^{q−1}db^p(s)

= C_4 ∞∑ n=0 γ^{(−n−1)(q−1)} 0 ((1 − p)^{q−1}p + p^{q−1}(1 − p)) n∑ k=0 (c^{−k}(1 − p)^kp^{n−k})^{q−1}b^p{s ∈ Σ^+|♯_{n−1}(s) = k} = C_4((1 − p)^{q−1}p + p^{q−1}(1 − p)) ∞∑ n=0 γ^{(−n−1)(q−1)} 0 n∑ k=0 ( n k ) ((1 − p)^qc^{1−q})^kp^{q(n−k)} = C_4((1 − p)^{q−1}p + p^{q−1}(1 − p))γ^{1−q}_0 ∞∑ n=0 (γ^{−(q−1)} 0 ((1 − p)^qc^{1−q} + p^q)^n.

The sum in the last expression converges if and only if γ_0 > γ_0(c, q, p) = (p^q + c^{1−q}(1 − p)^q)^{1q−1} . So ℑ(γ_0) < ∞ holds for all γ_0 > γ_0(c, q, p). This proofs our claim. Part II: Singularity Fix β_1, β_2, p ∈ (0, 1). We define a metric δ^{β1,β2} on Σ^+ by δ^{β1,β2} (s, t) = β^{|s∧t|−♯|s∧t|−1(s)} 1 β^{♯|s∧t|−1(s)} 2 . We first show that d^{β1,β2} (s, b^p) := lim_{ϵ−→0} log B^{β1,β2}_ϵ (s) log ϵ = p log p + (1 − p) log(1 − p) p log β_1 + (1 − p) log β_2 holds b^p-almost everywhere. Here d^{β1,β2} is the local dimension of the measure b^p with respect to metric δ^{β1,β2} and accordingly B^{β1,β2}_ϵ is a ball of radius ϵ with respect to this metric. Let σ be the shift map on Σ^+, i.e. σ((s_k)) = (s_{k+1}) and defiene a cylinder set [s_0, . . . , s_n]_0 by [s_0, . . . , s_n]_0 := {(t_k) ∈ Σ^+|t_k = s_k k = 0 . . . n} It is well known that the system (Σ^+, σ, b^p) is ergodic. Hence by applying Birkhoff’s ergodic Theorem (see theorem 4.1.2. of [10]) to the function h(s) = { log β_1 if s_0 = 1 log β_2 if s_0 = −1 we obtain lim n−→∞ 1 n + 1 log diam_{β1,β2} ([s_0, . . . , s_n]_0) = lim_{n−→∞} 1 n + 1 n+1∑ k=0 h(σ^k(s)) = ∫ h db^p(s) = p log β_1 + (1 − p) log β_2 b^p − almost everywhere.

By Shannon-McMillan-Breiman Theorem (see theorem 13.4. of [3]) we have lim n−→∞ − 1 n + 1 log b^p([s_0, . . . , s_n]_0) = h_bp (σ) b^p-almost everywhere,

where h_bp (σ) is the metric entropy of the shift map σ with respect to the ergodic measure b^p. With the help of the well known formula h_σ(b^p) = −(p log p + (1 − p) log(1 − p)) (see section 4.4. of [10]) we get d^{β1,β2} (s, b^p) = lim_{n−→∞} log b^p([s_0, . . . , s_n]_0) diam_{β1,β2} ([s_0, . . . , s_n]_0) = p log p + (1 − p) log(1 − p) p log β_1 + (1 − p) log β_2 . Now we claim that the map π_{β1,β2} is Lipschitz with respect to the metric δ^{β1,β2} : |π_{β1,β2} (s) − π_{β1,β2} (t)| ≤ ∞∑ k=|s∧t| |s_kβ^{k−♯k(s)+1} 1 β^{♯k(s)}_2 − t_kβ^{k−♯k(t)+1} 1 β^{♯k (t)}_2 |

= β^{|s∧t|−♯|s∧t|−1(s)} 1 β^{♯|s∧t|−1(s)} 2 ∞∑ k=0 |s_{k+|s∧t|}β^{k−♯k(σ|s∧−t|(s))+1} 1 β^{♯k (σ|s∧t|(s))} 2 − t_{k+|s∧t|}β^{k−♯k(σ|s∧t|(t))+1} 1 β^{♯k(σ|s∧t|(t))} 2 | ≤ δ^{β1,β2} (s, t) 2 1 − max{β_1, β_2} . Recall that we have by definition π_{β1,β2} (b^p) = b^p_{β1,β2} . Hence we get that d(x, b^p_{β1,β2} ) := lim_{ϵ−→0} log b^p_{β1,β2} (B_ϵ(x)) log ϵ ≤ p log p + (1 − p) log(1 − p) p log β_1 + (1 − p) log β_2

holds b^p_{β1,β2} -almost everywhere. By proposition 4.2. of [23] this implies the upper bound on the box-counting dimension of the measures b^p_{β1,β2} stated in Theorem I. The singularity assertion is just an obvious consequence of this upper bound.

4. Proof of Theorem II

We want to apply the general dimension theory of ergodic measures developed in [11] and in some sense completed in [2] in order to find an expression of the dimension of the self-affine measures b̂^p_ϑ in terms of entropy, Lyapunov exponents and the dimension of the self-similar measures b^p_{β1,β2} . In order to do so we define a auxillar map. Let C_ϑ = [^{−β2}_{1−β2} ,^{β1}_{1−β1} ]×[^{−τ2}_{1−τ2} ,^{τ1}_{1−τ1} ]× [−1, 1] and consider the map f_ϑ : C_ϑ −→ C_ϑ given by f_ϑ(x, y, z) = { (β_1x + β_1, τ_1y + τ_1, 2z − 1) if z ≥ 0.5, (β_2x − β_2, τ_2y − τ_2, 2z + 1) if z < 0.5.

This map has an attractor A_ϑ which is given by the product of the self-affine set Λ_ϑ with the interval [−1, 1]. We define a shift coding for the dynamical system (A_ϑ, f_ϑ) in the following way: Let ι : {−1, 1}^{ZZ−} −→ [−1, 1] be given by ι((s_k)) = ∑_∞ k=1 s_{−k}2^{−k} and define π̄_ϑ : Σ −→ A_ϑ by π̄_ϑ((s_k)_{k∈ZZ} = (π̂_ϑ((s_k)_{k∈IN0} ), ι((s_k)_{k∈ZZ}− ). This coding map can be shown to have the following properties:

(1) π̄_ϑ is continuous and onto A_ϑ.

(2) π̄_ϑ is a bijection from Σ̄ = (Σ\{(s_k)|∃k_0∀k ≤ k_0 : s_k = 1}) ∪ {(1)} onto Λ_ϑ. (3) π̄_ϑ conjugates the backward shift map σ^{−1} and f_ϑ on Σ̄.

Define measures b̄^p_ϑ on A_ϑ by b̄^p_ϑ := π̄_ϑ(b^p) = b^p ∘ π̄^{−1}_ϑ . These measures are ergodic with respect to f_ϑ by the properties of the coding map. Moreover we have Lyapunov exponents for the dynamical systems (A_ϑ, f_ϑ, b̄^p_ϑ): Let E^s = span{(1, 0, 0), (0, 1, 0)}, E^{ss} = span{(0, 1, 0)} and E^u = span{(0, 0, 1)}. If we have p log τ_1 + (1 − p) log τ_2 ≤ p log β_1 + (1 − p) log β_2 then lim n−→∞ 1 n log ||D_xf^n_ϑ v|| = log 2 ∀v ∈ E^u, lim n−→∞ 1 n log ||D_xf^n_ϑ v|| = { p log β_1 + (1 − p)β_2 if v ∈ E^s\E^{ss}, p log τ_1 + (1 − p) log τ_2 if v ∈ E^{ss}

holds b̄^p_ϑ-almost everywhere. This is easy to see using Birkhoff’s ergodic Theorem ( see Theorem 4.1.2. of [10]). To apply the theory of Ledrappier and Young [11] the existence of Lyapunov exponents is not enough. In addition one needs appropriate Lyapunov charts (see section 4 of [21]). Ledrappier and Young considered C^2 diffeomorphisms in order to guarantee the existence of such charts. But from Schmeling and Troubetzkoy (see section 3 of [21]) we know that Lyapunov charts exist for a hyperbolic system with a singularity if the set of points that does not approach the singularity with exponential speed has full measure. More precise following [21] we have to show that: b̄^p_ϑ({x ∈ A_ϑ|∃l > 0 ∀n > 0 d(f^n(x), S) > (1/l)e^{−ϵn}}) = 1 ∀ϵ > 0 where S = [^{−β2}_{1−β2} ,^{β1}_{1−β1} ] × [^{−τ2}_{1−τ2} ,^{τ1}_{1−τ1} ] × {0} is the singularity of the system. Let us proof this:

Fix ϵ > 0. First note that it is sufficient if we show b̄^p_ϑ({x ∈ A_ϑ|∃(n_k)_{k∈IN} −→ ∞ ∀k > 0 d(f^nk (x), S) ≤ e^{−ϵn}k }) = 0 because if we have for a point x that there n_0 such that forall n > n_0 d(f^n(x), S) > e^{−ϵn} holds then there exists l > 0 such that d(f^n(x), S) > (1/l)e^{−ϵn} forall n > 0.

By the properties of the coding map this assertion is equivalent to the following statement about the symbolic system (Σ, σ^{−1}, b^p): b^p(N) = 0 where N := {s ∈ Σ̂|∃(n_k)_{k∈IN} −→ ∞ ∀k > 0 d̃(σ^{−nk} (s), S̃) ≤ e^{−ϵnk} } and S̃ = {s ∈ Σ|s_{−1} = 1 and s_k = −1 ∀k < −1} is the pre-image of the singularity under the coding map π̄_ϑ.

If s ∈ N we have d̃(σ^{−nk} (s), S̃) ≤ e^{−ϵnk} ∀k > 0. By the definition of the metric d̃ this implies that σ^{−nk} (s) is contained in a cylinder set [−1, −1, . . . , −1, 1 ⌈cϵn_k⌉ ]_{−⌈cϵnk⌉−1} forall k > 0. where ⌈x⌉ denotes the smallest integer bigger than x and the constant c is independent of ϵ, n_k and s. This shows that (σ^i(s))_{−2} ≠ 1 for i = n_k, . . . , n_k + ⌈cϵn_k⌉ − 1 forall k > 0. Thus we have N ⊆ {s|∃(n_k)_{k∈IN} −→ ∞ ∀k > 0 : (σ^i(s))_{−2} ≠ 1 i = n_k, . . . , n_k + ⌈cϵn_k⌉ − 1}. Applying lemma 7.1. of [22] to the ergodic system (Σ, σ^{−1}, b^p) we obtain b^p(N) = 0.

Now we know that we are allowed to apply the results of [11] in our context. Define partitions W^s in the stable and W^{ss} in the strong stable direction of f_ϑ by the partition elements W^s(z) = [^{−β2}_{1−β2} ,^{β1}_{1−β1} ] × [^{−τ2}_{1−τ2} ,^{τ1}_{1−τ1} ] × {z} and W^{ss}(x, z) = {x} × [^{−τ2}_{1−τ2} ,^{τ1}_{1−τ1} ] × {z}. We claim that the conditional measures with respect to the measures b̄^p_ϑ on the partition W^s are given by the self-affine measure b̂^p_ϑ and that the transversal measures of the nested partition (W^s, W^{ss}) in the sense of [11] 11.4 are given by the self-similar measure b^p_{β1,β2} . Let ℓ^p = b^p ∘ ι^{−1}. From the product structure of the map π̄_ϑ it follows easily that b̄^p_ϑ = b̂^p_ϑ × ℓ^p. This implies our first claim. We have just by definition π̂_ϑ = (π_{β1,β2} , π_{τ1,τ2} ). Thus the projection of b̂^p_ϑ onto the first coordinate axis is the measure b^p_ϑ. But this projection forms the transversal measures by the definition of our partitions. Now Theorem C of [11] gives us

dim_B b̂^p_ϑ = dim_H b̂^p_ϑ = h_b^p_ϑ (f_ϑ) −Ξ^{ss}(b^p_ϑ)

+ (1 −

Ξ^s(b^p_ϑ) Ξ^{ss}(b^p_ϑ)

) dim_H b^p_ϑ.

Here Ξ^s(b^p_ϑ) is the stable Lyapunov exponent given by p log β_1 + (1 − p) log β_2 and Ξ^{ss}(b^p_ϑ) is the strong stable Lyapunov exponent given by p log τ_1 + (1 − p) log τ_2. The metric entropy of the system (A_ϑ, f_ϑ, b̄^p_ϑ) is −(p log p + (1 − p) log(1 − p)) because the system is measure theoretical conjugated to the Bernoulli shift (Σ, σ^{−1}, b^p) via π̄_ϑ. Hence the formula stated in Theorem II is proved.

5. Proof of Theorem III

Let P = {(β_1, β_2, τ_1, τ_2) ∈ (0, 0.649)^2 × (0, 1)^2|β_1 + β_2 ≥ 1, τ_1 + τ_2 < 1}. Given ϑ = (β_1, β_2, τ_1, τ_2) ∈ P let d = d(ϑ) be the solution of β_1τ^x_1 + β_2τ^x_2 = 1 and let p = p(ϑ) = β_1τ^d_1 . First of all we show that the box-counting dimension of Λ_ϑ is given by d + 1 for all ϑ ∈ P . This is just a nice exercise:

Given a real number r > 0 we define a set of finite sequences by X_r := {(s_1, . . . , s_k)| min{τ_1, τ_2}r ≤ τ_{s1} τ_{s2} . . . τ_{sk} < r where s_j ∈ {1, 2} ∀j = 1 . . . k}. Notice that the sequences in X_r have not the same length. Let k̄(r) be the maximal length of a sequence in X_r. We observe that for every sequence (s_j ) ∈ {1, 2}^{k̄(r)} there is an unique k such that (s_1, . . . , s_k) ∈ X_r. Thus we get ∑ (s_1,...,s_k)∈X_r β_{s1} β_{s2} . . . β_{sk} (τ_{s1} τ_{s2} . . . τ_{sk} )^d

= ∑ (s_1,...,s_k)∈X_r β_{s1} β_{s2} . . . β_{sk} (τ_{s1} τ_{s2} . . . τ_{sk} )^d(β_1τ^d_1 + β_2τ^d_2 )^{k̄(r)−k} = ∑ (s_1,...,s¯_{k(r)})∈{1,2}^{k̄(r)} β_{s1} β_{s2} . . . β_{sk̄(r)} (τ_{s1} τ_{s2} . . . τ_{sk̄(r)} )^d = (β_1τ^d_1 + β_2τ^d_2 )^{k̄(r)} = 1. (1)

Beside equation (1) we need one more fact. Let v be the unique positive number satisfying τ^v_1 + τ^v_2 = 1. Since τ_1 + τ_2 < 1 we have v ≤ 1 ≤ d + 1. Consequently ∑ (s_1,...,s_k)∈X_r (τ_{s1} τ_{s2} . . . τ_{sk} )^{d+1} ≤ ∑ (s_1,...,s_k)∈X_r (τ_{s1} τ_{s2} . . . τ_{sk} )^v = 1. (2)

Now we define a cover of Λ_ϑ by

C_r = {π_ϑ([κ(s_1), . . . , κ(s_k)]_0)|(s_1, . . . , s_k) ∈ X_r}

where κ(1) = 1 and κ(2) = −1. Since {[κ(s_1), . . . , κ(s_k)]_0|(s_1, . . . , s_k) ∈ X_r} is a cover of Σ^+ we have that C_r is in fact a cover of Λ_ϑ.

An element of C_r is a rectangle parallel to the axis with x-length 2β_{s1} β_{s2} . . . β_{sk} and y-length 2τ_{s1} τ_{s2} . . . τ_{sk} . We cover each of this rectangles by squares parallel to the axis of side length 2τ_{s1} τ_{s2} . . . τ_{sk} . We choose the squares in a row such that they only intersect in their boundary. So we get for each rectangle a covering by ⌈^{βs1 βs2 ...βsk}_{τs1 τs2 ...τsk} ⌉ squares. In this way we obtain a new cover Ĉ_r of Λ_ϑ, which consists of squares with side length in (2 min{τ_1, τ_2}r, 2r]. Furthermore the number N̂(r) of elements in Ĉ_r is given by N̂(r) = ∑ (s_1,...,s_k)∈X_r ⌈ β_{s1} β_{s2} . . . β_{sk} τ_{s1} τ_{s2} . . . τ_{sk} ⌉. Now we have the upper estimate

N̂(r)r^{d+1} ≤ min{τ_1, τ_2}^{−(d+1)} ∑ (s_1,...,s_k)∈X_r ⌈ β_{s1} β_{s2} . . . β_{sk} τ_{s1} τ_{s2} . . . τ_{sk} ⌉(τ_{s1} τ_{s2} . . . τ_{sk} )^{d+1}

≤ min{τ_1, τ_2}^{−(d+1)}( ∑ (s_1,...,s_k)∈X_r β_{s1} β_{s2} . . . β_{sk} (τ_{s1} τ_{s2} . . . τ_{sk} )^d + ∑ (s_1,...,s_k)∈X_r (τ_{s1} τ_{s2} . . . τ_{sk} )^{d+1})

≤^{(1)/(2)} 2 min{τ_1, τ_2}^{−(d+1)} and the lower estimate N̂(r)r^{d+1} ≥ ∑ (s_1,...,s_k)∈X_r ⌈ β_{s1} β_{s2} . . . β_{sk} τ_{s1} τ_{s2} . . . τ_{sk} ⌉(τ_{s1} τ_{s2} . . . τ_{sk} )^{d+1} ≥ ∑ (s_1,...,s_k)∈X_r β_{s1} β_{s2} . . . β_{sk} (τ_{s1} τ_{s2} . . . τ_{sk} )^d =^{(1)} 1.

Now let N(r) be the minimal cardinality of an arbitrary cover of Λ_ϑ with squares parallel to the axis of side length 2r. Obviously we have N(r) ≤ N̂(r) but we need another argument for an opposite estimate.

Let R be a rectangle in the cover C_r. We see that the projection of Λ_ϑ ∩C_r on the x-axis has the full x-length of the rectangle since we assumed β_1 + β_2 ≥ 1. This implies that the intersection of each square in Ĉ_r with Λ_ϑ is not empty. Thus if we have a cover of Λ_ϑ each element of Ĉ_r has to be intersected by at least one element of the cover. But one square with side length 2r can not intersect more than 9 min{τ_1, τ_2}^{−2} squares in Ĉ_r because the squares in Ĉ_r have side length bigger than 2 min{τ_1, τ_2}r and intersect, if at all, only in the boundary. It follows that N(r) ≥ 1/9 min{τ_1, τ_2}^2N̂(r).

Putting our estimates together we obtain 1 9 min{τ_1, τ_2}^2 ≤ N(r)r^{d+1} ≤ 2 min{τ_1, τ_2}^{−(d+1)}

which implies our claim.

Now we go on with the main proof. Note that p log p+(1−p) log(1−p) ≥ p log τ_1 +(1−p) log τ_2 holds for all p ∈ (0, 1) since τ_1 + τ_2 < 1. This implies the inequality p log β_1 + (1 − p) log β_2 ≥ p log τ_1 + (1 − p) log τ_2 using the definition of p. Hence we can apply Theorem II and get after a short calculation dim_H b^p_{β1,β2} = 1 ⇒ dim_H b̂^p_ϑ = d + 1. Thus it only remains to show that for almost all ϑ ∈ P we have dim_H b^p_{β1,β2} = 1. We now show this.

Note that if the relation log τ_2 log p/β_1 = log τ_1 log(1 − p)/β_2 := d̄ holds for some τ_1, τ_2 ∈ (0, 1) with τ_1 + τ_2 < 1 then

(pβ_1)^p((1 − p)β_2)^{1−p} = (β_1β_2τ^{d̄}_1 )^p(β_1β_2τ^{d̄}_2 )^{1−p} = β_1β_2τ^{d̄p}_1 τ^{d̄(1−p)}_2 < β_1β_2.

Thus it follows from Theorem I that for all p ∈ (0, 1) there exists a set A(p) ⊆ (0, 0.649)^2 with ℓ^2(A(p)) = ℓ^2((0, 0.649)^2) such that for all (β_1, β_2) ∈ A(p) and all τ_1, τ_2 > 0 with τ_1 + τ_2 < 1 and log τ_2 log p/β_1 = log τ_1 log(1 − p)/β_2 we have dim_H b^p_{β1,β2} = 1. Let G(τ_1) be given by the following union: ⋃ p∈(0,1) {(β_1, β_2, τ_2)|(β_1, β_2) ∈ A(p) , τ_1 + τ_2 < 1 , log τ_2 log p/β_1 = log τ_1 log(1 − p)/β_2}.

Properties of some overlapping self-similar and some self-affine measures 15 It is easy to see that the union ⋃ p∈(0,1) {(β_1, β_2, τ_2)|(β_1, β_2) ∈ (0, 0.649) , τ_1 + τ_2 < 1 , log τ_2 log p/β_1 = log τ_1 log(1 − p)/β_2}

equals the set {(β_1, β_2, τ_2)|(β_1, β_2) ∈ P^2_{trans} , τ_1 + τ_2 < 1}. By the Theorem of Fubini we thus have ℓ^3(G(τ_1)) = ℓ^3{(β_1, β_2, τ_2)|(β_1, β_2) ∈ (0, 0.649)^2 , τ_1 + τ_2 < 1}. Now let G = ⋃ τ_1∈(0,1)

{(β_1, β_2, τ_1, τ_2)|(β_1, β_2, τ_2) ∈ G(τ_1)}.

Note that we have G ⊆ P and ℓ^4(G) = ℓ^4(P ). Moreover by definition we have dim_H b^p_{β1,β2} = 1 for all ϑ ∈ G if p fulfills log τ_2 log p/β_1 = log τ_1 log(1−p)/β_2. But if p = β_1τ^d_1 and β_1τ^d_1 +β_2τ^d_2 = 1 then this relation holds. Thus the proof is complete.

References

[1] M.J. Bertin, A. Decomps-Guilloux, M. Grandet-Hugot, M. Pathiaux-Delefosse and J.P. Schreiber, Pisot and Salem numbers, Birkhäuser Verlag Basel (1992).

[2] L. Barreira, Ya. Pesin and J. Schmeling, Dimension of hyperbolic measures - a proof of the Eckmann-Ruelle conjecture, WIAS-Preprint 245 (1996); announcement in ERA-AMS 2/1 (1996).

[3] M. Denker, C. Grillenberger, K.Sigmund, Ergodic Theory on Compact Spaces, Lecture Notes in Math.

527, Springer Verlag Berlin (1976).

[4] P. Erdös, On a family of symmetric Bernoulli convolutions, , Amer. J. Math 61 (1939), 974-976. [5] P. Erdös, On the smoothness properties of Bernoulli convolutions, Amer. J. Math. 62 (1940), 180-186. [6] K. Falconer, Fractal Geometry - Mathematical Foundations and Applications, Wiley New York (1990). [7] K. Falconer, The Hausdorff dimension of self-affine fractals, Math. Proc. Camb. Phil. Soc. 103 (1988), 339-350.

[8] H. Furstenberg, Disjointness in ergodic theory, minimal sets and a problem in diophantine approximation, Mathematical Systems Theory 1 (1967), 1-49.

[9] J.E. Hutchinson, Fractals and self-similarity, Indiana Univ. Math. J. 30 (1981), 271-280. [10] A. Katok and B. Hasselblatt, Introduction to the Modern Theory of Dynamical Systems, Cambridge University Press (1995).

[11] F. Ledrappier and L.-S. Young, The metric entropy of diffeomorphisms; part I and II, Ann. Math. 122 (1985), 509-574.

[12] P. Mattila, Geometry of Sets and Measures in Euclidean spaces, Cambridge University Press (1995). [13] J. Neunhäuserer, A new class of counterexamples to the variational principle for Hausdorff dimension, Schwerpunktprogramm der deutschen Forschungsgemeinschaft: DANSE, Preprint 25/98 (1998).

16 Jörg Neunhäuserer

[14] J. Neunhäuserer , Properties of some affine dynamical systems, Dissertation im Fach Mathematik an der Freien Universität Berlin (1999).

[15] Ya. Pesin, Dimension Theory in Dynamical Systems - Contemporary Views an Applications, University of Chicago Press, Chicago and London (1997).

[16] Y. Peres and B. Solomyak, Absolutely continuous Bernoulli convolutions - a simple proof, Math. Research Letters 3, nu 2 (1996), 231-239.

[17] Y. Peres and B. Solomyak, Self-similar measures and intersection of Cantor sets, Trans. Amer. Math.

Soc 350, no. 10 (1998), 4065-4087.

[18] M. Pollicott and H. Weiss, The dimension of self-affine limit sets in the plane, J. Stat. Phys. 77 (1994), 841-860.

[19] B. Solomyak, On the random series ∑ ±λ^i (an Erdös problem), Ann. Math. 142 (1995).

[20] B. Solomyak, Measures and dimensions for some fractal families, Proc. Cambridge Phil. Soc., 124/3 (1998), 531-546.

[21] J. Schmeling and S. Troubetzkoy, Dimension and invertibility of hyperbolic endomorphisms with singularities, Ergod. Th. Dyn. Sys. 18 (1998), 1257-1282.

[22] J.Schmeling and S. Troubetzkoy, Scaling properties of hyperbolic measures, Schwerpunktprogramm der Deutschen Forschungsgemeinschaft: DANSE, Preprint 50/98.

[23] L.-S. Young, Dimension, entropy and Lyapunov exponents, Ergod. Th. Dyn. Sys. 2 (1982), 109-124.