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ABSTRACT. In this paper we extend the transfer operator approach to Selberg’s
zeta function for cofinite Fuchsian groups to the Hecke triangle groups G4, ¢ =
3,4, ..., which are non-arithmetic for ¢ # 3,4,6. For this we make use of a
Poincaré map for the geodesic flow on the corresponding Hecke surfaces which
has been constructed in [13] and which is closely related to the natural extension
of the generating map for the so called Hurwitz-Nakada continued fractions.
We derive simple functional equations for the eigenfunctions of the transfer
operator which for eigenvalues p = 1 are expected to be closely related to the
period functions of Lewis and Zagier for these Hecke triangle groups.

1. Introduction. This paper continues our study of the transfer operator for cofi-
nite Fuchsian groups and their Selberg zeta functions [3],[1]. For the modular
groups, i.e. finite index subgroups I' C SL(2,7Z), the transfer operator approach
to Selberg’s zeta function [3] has led to interesting new developments in number
theory, like the theory of period functions for Maass wave forms by Lewis and Za-
gier [9]. Obviously, it is necessary to extend this theory to more general Fuchsian
groups, especially the nonarithmetic ones. One possibility for such a generaliza-
tion is via a cohomological approach [1], which has been worked out for the case
G3 = SL(2,Z) recently in [2]. We concentrate on the transfer operator approach
to this circle of problems and started to work out this approach in [12],[13] for the
Hecke triangle groups which, contrary to modular groups studied up to now, are
mostly non-arithmetic.

The transfer operator has been introduced by D. Ruelle [18] among other reasons
primarily to investigate analytic properties of dynamical zeta functions. A typical
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example of such a function is the Selberg zeta function, Zg(s), for the geodesic flow
on surfaces of constant negative curvature, which connects the length spectrum of
this flow with spectral properties of the corresponding Laplacian. It is defined by

259 =111 (1 - emterbron), (1)

v k=0

where the outer product is taken over all prime periodic orbits v of period I(7) of
the geodesic flow &, : SM — SM on the unit tangent bundle of the surface M.
The period () coincides in this case with the length of the corresponding closed
geodesic. If P : ¥ — ¥ is the Poincaré map on a section X of the flow ®; Ruelle
showed that Zg(s) can be rewritten as

i 1
Zs(s) = kl;[() AR

where (g denotes the Ruelle zeta function for the Poincaré map P defined as
1
= 7z,
Cr(s) = exp <nE=1 - (5)>

with

Zn(s) = Z exp (sZr (Pk(x))> ,n>1,

zeFix P k=0
the so called dynamical partition functions and r : ¥ — R, the recurrence time
function with respect to the map P, defined through

Qppy(z) eXforzeX and @i(z) ¢ X for 0 <t <r(z).

In the transfer operator approach for the modular groups the Selberg zeta func-
tion gets expressed in terms of the Fredholm determinant of an operator L, as
Zs(s) = det(1l — Ls). From this relation it is clear that the zeros of Zg(s) are di-
rectly related to the values of s for which £, has eigenvalue one. Furthermore, the
corresponding eigenfunctions in a certain Banach space of holomorphic functions
can be directly related to the automorphic functions of these modular groups [4].
It is expected that this approach can be extended to all cofinite Fuchsian groups.
In this paper we continue to work it out for the Hecke triangle groups and their
corresponding surfaces. A Poincaré map P : ¥ — ¥ for the geodesic flow on the
Hecke surfaces M, = G,\H, ¢ = 3,4,5,... was constructed in [13]. Thereby H
denotes the hyperbolic upper half-plane and G, the Hecke triangle group generated
by the isometries
S:iz——1/z and T:z—z+ )

with A\; = 2cos (%) In [13] it was shown, that the map P is closely related to the

natural extension Fy : Q, — €, of the generating map f, : I, — I, I; = [—%, %“]

of the Hurwitz-Nakada continued fractions [14],[17], also called \,-continued frac-
tions or shortly A;-CF’s. These are closely related to the Rosen A-continued frac-
tions [16, 17, 19]. For a precise description of this relationship see e.g. [13] Remark
15. We recall the necessary facts about the Ag,-continued fractions in §2. Con-
trary to the case of the modular surfaces, where a Poincaré map P : ¥ — X has
been constructed through the natural extension of the Gauss map T¢ : [0,1] —
[0,1], Ty(z) =1 mod 1, # # 0, in the present case of the Hecke surfaces M, there
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is not a one-to-one correspondence between the periodic orbits of the map f, gen-
erating the A;-CF ’s and the periodic orbits of the geodesic flow ®; : SM, — SM,,.
Indeed there exist for every Gy exactly two periodic points r4, —r4 € I, which cor-
respond to the same periodic orbit O of the flow ®;. In the case ¢ = 3 Hurwitz
already showed in [8] that there exist exactly two closed f3-orbits which are equiva-
lent under the action of the group Gsz = SL(2,7Z) and hence lead to the same orbit
of the flow ®;. As a consequence the Fredholm determinant det(1—L;) of the Ruelle
transfer operator £, of the the Hurwitz-Nakada map f, does not correctly describe
the Selberg zeta function (1) for the Hecke triangle groups G, since it contains the
contribution of the closed orbit O twice. To correct this overcounting we introduce
another transfer operator, s, whose Fredholm determinant describes exactly the
contribution of this orbit O to the Selberg function. The form of this operator can
be directly deduced from the A,-CF expansion of the point r4 € I;. The spectrum
of the operator K4 can be determined explicitly, leading to regularly spaced zeros
of its Fredholm determinant, det(1 — K,), in the complex s-plane. In in Section
6.2 we will use the operator Ky to show the following formula for the Selberg zeta
function for Hecke triangle groups:

_det(1 - Ly)

Zs(8) = Q1= Ky)

(2)
As in the case of the modular surfaces and the Gauss map T¢, the holomorphic
eigenfunctions ¢ of the transfer operator £, fulfil simple functional equations. In
the case ¢ = 3 it was recently shown [2] that if Rs = § then there is a one-to-one
correspondence between eigenfunctions of L, with eigenvalue 1 and Maass wave-
forms, i.e. square-integrable eigenfunctions of the Laplace-Beltrami operator, on
the modular surface M3. We therefore expect that the holomorphic eigenfunctions
g of the operator L4 with eigenvalue p(s) = 1 can be related for all G, and general
s to the automorphic functions of these Hecke triangle groups which almost all are
non arithmetic. This will extend the transfer operator approach to the theory of
period functions of Lewis and Zagier [9] to a whole class of non-arithmetic Fuchsian
groups. We hope to come back to this question soon.

The structure of this article is as follows: In Section 2 we briefly introduce
the Hecke triangle groups Gy and recall the A -continued fractions as discussed

in [12]. Section 3 recalls the geodesic flow on the Hecke surface M, the Selberg
zeta function and the construction of the Poincaré section ¥ and the Poincaré map
P : ¥ — Xin [13]. The transfer operator Ly for the H-N map f, : I, — I, is

discussed in Section 4. We show that it is a nuclear operator when acting in a
certain Banach space B of vector-valued holomorphic functions whose dimension
is determined by the Markov partitions for f; and has a meromorphic extension
to the entire complex s-plane. In Section 5 we define a symmetry operator, P :
B — B, commuting with the transfer operator. This allows us to restrict the
operator L to the two eigenspaces B, € = £1 of P. From this we derive the scalar
functional equations which the eigenfunctions of the restricted transfer operators
L, are shown to fulfil. In Section 6 we discuss the Ruelle zeta function for the
H-N map f, and show that it can be expressed in terms of Fredholm determinants
of the operator L respectively the reduced operators L .. Finally, in section 6.2
we introduce the transfer operator, K, whose Fredholm determinant describes the
contribution of the orbit, O corresponding to the point r, and which is needed to
obtain (2) above.
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2. )g-continued fractions and their generating maps.

2.1. The Hecke triangle groups. Let
PSL(2,R) = SL(2,R) mod {£1}

denote the projective linear group, where SL(2, R) denotes the group of 2 x 2 matrices
+1 0
0 41
elements of PSL(2,R) with one of its matrix representatives in SL(2, R).

For an integer ¢ > 3, the Hecke triangle group G, C PSL(2,R) is the group
generated by the elements

S:(? 01) and qu((l) Af) (3)

Ag = 2cos (W> € [1,2).

q

with real entries and determinant 1 and +1 = < . We usually identify the

where

The elements S and T} satisfy the relations
S? = (ST,)?=1.
Later on we also need the element

1 0 1
T‘;:[Aq J:STQ S e Gy

The action of PSL(2,R) on H is given by Mdbius transformations:

az+b a b
9%:= for g—(c d)ePSL(ZR).

One can easily verify that gz € H for z € H and gx € Py for x € Pg where
H = {x + iy | y > 0} denotes the upper half-plane and Px = R U {oo} denotes its
boundary, the projective real line.

We say that two points x,y € HUPg are G-equivalent if there exists a g € G
such that x = gy.

An element g € PSL(2,R) is called elliptic, hyperbolic or parabolic depending on
whether |Tr (g)] := |a + d| < 2, > 2 or = 2. The same notation applies for the fixed
points of the corresponding Mobius transformation.

In the following we identify the element g € PSL(2,R) with the induced map
z +— gz on H. Note that the type of fixed point is preserved under conjugation,
g+ AgA~! by A € PSL(2,R). A parabolic fixed point is a degenerate fixed point,
belongs to Pg, and is usually called a cusp. Elliptic fixed points appear in pairs, z
and Z with z € H, and G4(z), the stabilizer subgroup of z in G, is cyclic of finite
order. Hyperbolic fixed points also appear in pairs z,x* € Pg, where x* is said to
be the repelling conjugate point of the attractive fixed point z.

2.2. A\g-continued fractions and their duals. Consider finite or infinite se-
quences [a;]; with a; € Z for all i. We denote a periodic subsequence within an
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infinite sequence by overlining the periodic part and a finitely often repeated pat-

tern is denoted by a power, where the power © means absence of the pattern, hence
[ab az, (Zg] = [ah az,as, az,as, az,as, .. ']7
i
[a1, (a2,a3)", a4, ...] = |a1,a2,a3,a2,as,...,as,as,a4,...] and

itimes a2,as3
[a1, (a2)°, as,...] = [a1,as,...].

Furthermore, by the negative of a sequence we mean the following:

7[0,1,&2, .. ] = [7(11, —ag, . . ]

Put
q—2

- {2 for even ¢ and
q =

% for odd gq.

Next we define the set B, of forbidden blocks as

{1} U Upo {[2, £m]} for ¢ = 3,
@D OU (&), 4m)) for even g and
! {{(=D) ]}
VU {[(&£1)a, £2, (£1)"a, £m]}  for odd g > 5.
The choice of the sign is the same within each block and m > 1. For example [2, 3],
[-2,-3] € Band [2,-3] ¢ B for ¢ = 3.
We call a sequence [a1,a2,as, ...| g-regular if [ag, agt1,..., 4] & By for all 1 <
k < 1 and dual g-regular if [a;,a;—1,...,ax] & By for all 1 < k < I. Denote by
A8 respectively by Agreg the set of infinite g-regular respectively dual g-regular
sequences (a;)ieN-
A nearest Ag-multiple continued fraction, or A\-CF, is a formal expansion
-1

-1
—T
az)‘(l-‘r azhg+---

[ag; a1, a2, a3, ...] == apAq +
al)\q —+

with a; € Zigg, 1 > 1 and ag € Z.

A A\;-CFlag; a1, a2,as,...] is said to converge if either [ag; a1, a2,as,...,a;] has
finite length or lim;_, o [ag; a1, as, as, . . ., ;] exists in R. The notations for sequences,
as introduced above, are also used for A,-CF'’s.

We say that a A,-CF is regular respectively dual regular if the sequence

[a1,as2,a3,...] is g-regular respectively dual g-regular. Regular and dual regular
Ag-CF ’s are denoted by [ao; a1, ...] respectively [ag; a1, .. .J*.

It follows from [13] Lemmas 16 and 34 that regular and dual regular A,-CF ’s con-
verge. Moreover, it is known [13] that = has a regular expansion z = [0; a1, ag, .. .]
with leading ag = 0 if and only if x € I, := {f%, )‘7‘7]

Convergent A,-CF’s can be rewritten in terms of the generators of the Hecke
triangle group G,: if the expansion (2.2) is finite it can be written as follows

—1
—1
al)\q + — . i

—1
N v

= T4 ST §T% ST% ... ST (),

lag; a1, a2,as,...,a;] = aghg +



6 DIETER MAYER, TOBIAS MUHLENBRUCH AND FREDRIK STROMBERG

—1
alg+x
interpreted as

since

= ST* x. For infinite converging A\,-CF’s the expansion has to be

[ap; a1,a9,as,...] = llir&[ao;ahaba& -
= llirgo 7% ST ST ST .. ST 0
=T ST ST ST% ... 0.
An immediate consequence of this is [12, Lemma 2.2.2]:
Lemma 2.1. For a finite reqular A\y-CF' one finds for g = 2hy + 2
[ao; ar, ..., an, (1)"] = [ag; ay,...,an — 1,(—=1)"]
respectively for g = 2hy + 3
[ag; .-\ an, (1)",2,(1)"] = [ag; ..., an — 1, (=1)"a, =2, (—1)"].

2.3. Special values and their expansions. The following results are well-known
(see [13] and [12, §2.3]). The point z = F% has the regular \,-CF

A JI0s ()] for even ¢ and
T2 T [0: (21)he, 2, (£1)4] for odd g.
Define
Ry := A+ 1y with (4)
[0; 3] for ¢ = 3,
re := ¢ [0; (1)ha—1 2] for even g and (5)

[0; (1), 2, (1)ra=1 2] for odd q > 5,

whose expansion hence is periodic with period kg, where

:: hy = 52 for even ¢ and
a 2hq+1=¢qg—2 foroddgq.
The regular respectively dual regular A\-CF of the point z = R, has the form
[1; (1)ha=1 2] for even g,
R, [1; (1)ka, 2, (1)ha=1 2] for odd ¢ > 5, and
[1;3] for ¢ = 3.
[0: (~1)2, =2, (P 1] for even g,
= [0; (=), =2, (=1)ha, =2, (=1)"~1]* for odd ¢ > 5, and
[0; —2, =3]* for ¢ = 3.
Moreover,
Ry;=1 and —-R;,=S5R, for even ¢ and
RP4+(2—MR,=1 and —R,=(T,9)" 'R, for odd ¢,

and R, satisfies the inequality

A
§<Rq§1.
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2.4. A lexicographic order. Let z,y € Ig, := [~Rgy, R,] have the regular \;-CF’s
x = [ag; a1, ...] and y = [bo; b1, ...]. Denote by I(x) < oo respectively I(y) < oo the
number of entries in the above A\;-CF’s. We introduce a lezicographic order “<” for
Ag-CF’s as follows: If a; = b; for all 0 <i <n and I(z),l(y) > n, we define

ag < by if n =0,
an >0>b, ifn>0,bothli(x),l(y) >n+1and a,b, <0,
T<Yy:<= Ra, <b, if n > 0, both I(x),I(y) > n+ 1 and a,b, > 0,
b, <0 if n>0andl(z) =nor
an >0 if n>0and l(y) =n.
We also write x <y for z < y or x = y.
This is indeed an order on regular A\,-CF’s, since Lemmas 22 and 23 in [13] imply:

Lemma 2.2. Let x and y have regular \y-CF’s. Then x <y < z <y.
2.5. The generating interval maps f; and f;. Denote by I, and Ig, the inter-
vals

I, = {—)\2‘], )\2‘1} and Ig, = [-Rq, Ry]
with Aq and Ry given in (2.3) and (5). The nearest Ag-multiple map (-), is defined
as

(Vg R=Zy 20 (2), = b\q—i—J
where || is the floor function

n<x<n+1 if x > 0 and
n<zx<n+l1 if z <0.

lz] =n <= {
We also need the map (); given by

& +1- 2] if 2 > 0 and
(VR —Zy oz (z) = ! !

q q R .
£+ 2] if 2 < 0.

The interval maps f;: I, — I, and f7 : Ry — R, are then defined as follows:

D R e if z € I,\{0},
Jale) = {0 if 2 =0 (6)
respectively
- (= *Aq if y € Ir,\{0},
= (). 'y € In\(0) -
0 ify=0.

These maps generate the regular respectively dual regular A;,-CF’s in the follow-
ing sense:

For given x,y € R the entries a; and b;, i € Z>q, in their \;-CF are determined
by the algorithms:

(0) ap = (x), and 1 :=x — ag), € I,
(1) a1 = <;—11> and zg := ;—11 — a1 Mg = fo(z1) € Iy,
a
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(i) a; = <;—3> and ;41 := ;—11 —airg = fg(zi) €y, 1=2,3,...,
q
(%) the algorithm terminates if x;11 = 0,
respectively

(0) bo = (z), and y1 :=y — boAq € Ir,,

*
(1) by = <_—1>q and yo := ;Tl —biAg = f(;(yl) € Ir,,

Y1
(i) bi = <;71>q and yig1 = 21— bidg = f1(yi) € In,, i =2,3,...
(%) the algorithm terminates if y; 11 = 0.

In ([12], Lemmas 17 and 33) it is shown that these algorithms lead to regular
respectively dual regular A\,-CF’s in the sense of section (2.2):

x = [ag;a1,a9,...] and y = [bo;b1,ba,...]".
2.6. Markov partitions and transition matrices for f,. Asshownin [12], both
maps f, and f7 have the Markov property. This means that there exist partitions of
the intervals I, and I, into subintervals whose boundary points are mapped by f,

respectively f7 onto boundary points. In particular the following Markov partitions
for f, have been constructed in ([12], 3.3).

Define the orbit O(z) of = under the map f, as
O(z) = {z, fo(2), f7(z) := fo(fo(2)), £7(2), ...}
={fl(x); n=0,1,2,...}.

29 is finite; indeed if #{S} denotes the cardinality of the set S then

The orbit O(—3*

A
#O-Z0) =g 41
We denote the elements of O(—%‘Z) for ¢ = 2hy + 2 by
b=y (<3) =0 0sish =,

respectively for ¢ = 2hy 4+ 3 by

VD ,
b2 = [ (—;) = [0;1%7% 2,1"] and

; A ) —1
Gaiv1 = fyr ! (—;) =[0;1"7),  0<i<h,= K*’Q
The ¢;’s then satisfy the ordering [13]
Aq 1
—5 =0 <P < P2 < ... < Ppp2 < Ppym1 =~ < Py, =0.
2 N
Define next ¢_; := —¢;, 0 < i < kq. The intervals

®; = [¢i—1,0;] and D_; = [p_;,d_(i_1)], 1<i< Ry

define a Markov partition of the interval I, for the map f,. This means that

UU®i=1, and ©5n®5 =0 for eisdj e ==+l
e=+i=1
holds, where S° denotes the interior of the set S.
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As in [12] we introduce next a finer partition which is compatible with the inter-
vals of monotonicity for fj.
In the case ¢ = 3 where A3 = 1 define for m = 2, 3,4, ... the intervals J,, as

1 2 2 2
— |-z _Z d J,=|— ,— , =3,4,...
T2 [ 2 5] and [ om—1" am+i1|n ™73
and set J_,, := —J,, for m = 2,3,4,.... This partition of I3, which we denote
by M(f3), is Markovian. The Inaps f3| J,, are monotone with f3]s, (z) = =1 —m

and locally invertible with (f3];, )" 1(y) = y+m for y € f3(Jm), m=2,3,.... For
q > 4 consider the intervals J,,, m = 1,2,..., with

Jl = |:_)‘q —2:| and

27 3\
2 2
Im = |— y 5 :2,3,...
[ (2m —1)A, (2m+1))‘q] "
and set J_,, := —J,,, for m € N. The intervals J,, are intervals of monotonicity
for f,, i.e the maps fq\ J,, are monotone increasing with f|s, (z) = —% —mA, and

(fqls) My = y+m/\ for m = 41,42 43, .... Since some points in O(f)‘—zq) do
not fall onto a boundary point of any of the 1ntervals Jm, m € N the partition given
by the intervals J,, has to be refined.

For even ¢ define the intervals Ji;, as

JEli = elﬂq)a fOI'€::|:, 1§Z§I€q

and therefore J.1, = ®¢; for 1 < i < x4y — 1. This way one arrives at the partition
M(f,), defined as

+y (U o)

which is clearly again Markovian.
Consider next the case of odd ¢ > 5. Here one has ¢.; € Je; for 1 <¢ <Kk, —2
and @c(x, 1) € Je2 for e = +. For € = £ define the intervals

Jei, = Jea NP 1 <i<ky—land hence Joy, = ¢, 1 < i < kg — 2and
Jeoi = Jea NPy, i = kg — 1, Ky

Then it is easy to see that the partition M(f;) defined by

Kg—1
I, = LJi U Je1, U U 1J52 U U Jem
€= =1 i= Kq—

is again Markovian.
A useful tool for understanding the dynamics of the map f, are the transition
matrices A = (A;;), jer » Where F'is the alphabet given by the Markov partition

M(fy):
{£2,+3,...} for g = 3,
F=q{£l,...,+1l,,1,£2,£3,.. .} for even ¢ and
{:l:ll, ceay ﬂ:l,ﬁq_l, :|:2,€q, :|:2Rq+1, :|:3, . } for odd q > 5.
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Each entry A; ;, i,7 € F' is given by
0 if Jjﬂfq(Ji):@OI‘
A= .
1 if Jj C fq(JZ)

Tables 1, 2 and 3 show the transition matrices A for ¢ = 3, even ¢ respectively
odd ¢ > 5, as determined in [12].

A&:I:Q,:I:m = 07 m > 27
A&i2,:|1m = 1, m > 27
Aypgm=1 k>3, andallmekF.

TABLE 1. The matrix elements of the transition matrix A =
(Aij)ijer for ¢ =3.

Avy 41, =1, 1<1<ke—1,
Ai1ﬁq717im=1, TI”L=2737...7
A1, 71, =1, 1<1< kg,
Act,,—m=1, m=23,...,
Apn=1 meZ\{0,£1}, neF,

TABLE 2. The nonvanishing matrix elements of the transition ma-
trix A = (A; ;)i jer for even q.

2.7. The local inverses of f,. Consider the local inverses ¥+, : Jt, — R in
(2.6) respectively (2.6) of the interval map f; on the monotonicity intervals Jai,,
1 < n < oo, respectively 2 < n < oo for ¢ = 3. They are given by

dun(@) = (1], @) = —

rtn),
Lemma 2.3. The maps ¥, n € Zyg, respectively n € Zo +1 for ¢ = 3, satisfy:
1. 9, extends to a holomorphic function C\ {—nAs} — C.
2. ¥y is strictly increasing on (—Ag, Aq).
3. Forx € (—Ag, \q) we have ¥y, (x) < Oy () for either 0 <m <m orn <m <0
orm <0 <n.

= ST*" g.

Proof. 1. That ¥,, extends holomorphically to C\ {—n\,} is obvious.
2. Since 9], (x) = (nAy+z)~? the derivative 9], restricted to (—Ag, A,) is positive
and hence 9, is strictly increasing on (—Ag, Ag).
3. Consider the three cases 0 < n < m, n <0 < m and n < m < 0: since
x € (—Ag, Aq) we find that
O0<n<m < 0<nl\g+z<mi;+z
-1 -1
<
nA\g+x  mi+x
= Y (z) < (),
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Atry 410, =1 1<i<hg—2,
At1g,, ot1s,, = 1
Aty 042, =1
Ay, 71, =1 1<i<kg—1,
Agry,, g2, =1 Kg <0< kg +1,
Ailth,:,:m =1 m2>3,
Avyy 410, =1, 1<i<hg—1,
At1g,, 420,00 = 1,
Agiy, 1 gm=1 m2=>3,
A:|:2,¢q,$11 =1,
Aso, 1101, , 60==
A:t2~q+1,527; =1, 6=+, 2<i<kre—1,
App, ,on=1 ==
Aso, 171, =1,
Apn=1, meZ\{0,+1,42}, neF

TABLE 3. The nonvanishing matrix elements of the transition ma-
trix A = (Ai,j)i,jEF for odd q > 5.

n<m<0 < nA\g+x<mi;+2x<0
-1 -1
<
nA\g+x  mi+x
= Jy(x) < Op(2) and

m<0<n <= m\;+x<0<ni\+z
-1 -1
>
mi,+x  nA\ 4z
= Up(z) > Ip(x).

denote the upper half-plane equipped with the hyperbolic metric ds?> =
The boundary of H is 0H = Pgr = RU {o0}.

A geodesic v on H is either a half-circle based on R or a line parallel to the
imaginary axis. The pair of base points of v are denoted by v+ € Pg such that the
geodesic flow ®; : SH — SH along the oriented geodesic ~ satisfies lim;_, o ¢ =
~v+. We identify an oriented geodesic v on H with the pair of its base points (y_, v+ ).

M, =G,\H,

11

O

3. The geodesic flow on Hecke surfaces. Let H={z =2+ iy |y > 0,z € R}
dz?4dy?
y:

SMy — SM, and its Ruelle zeta function.
The Hecke surfaces Mg, hyperbolic surfaces of constant negative curvature —1, are
given for ¢ = 3,4, ... as the quotient
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which we sometimes identify with the standard fundamental domain of G,
Fo={z€H||z]>1,|Re(2)| < 1}

with sides pairwise identified by the generators in (3).

If 7 : H — M, denotes the natural projection map z — G z, then the geodesic
flow @, on H projects to the geodesic flow on M, which we denote by the same
symbol ®;. The geodesic v* = 7y is a closed geodesic on M, if and only if v4
and y_ are hyperbolic fixed points of a hyperbolic element g,- € G4. In [13] a
Poincaré section ¥ and a Poincaré map P : ¥ — X have been constructed for
the geodesic flow on the Hecke surfaces M, using A\,-CF expansions. For this the
authors construct a map P : ¥ — ¥ with & C 0F, x S1 where 0F, denotes the
boundary of the standard fundamental domain (3.1) and S; denotes the unit circle.

The induced map P : ¥ — ¥ on the projection ¥ := 77 (i) C SM, defines a
Poincaré map for the geodesic flow on the Hecke surface M,.

To be more precise, let v be a geodesic corresponding to an element Z € 3 such
that its base points v+ € R have the regular and dual regular A\,-CF expansions

vo = [ao; (£1)* Y ag, apq1,...] and = [0;b1,b,...]"

Then 75(2) corresponds to the geodesic g (y—,v4+) = (97-,97+) for g € G4 such
that its base points have the regular and dual regular expansions

97— = lar; a1 -] and  gyg = [0;(£1)* 7 ag, by, by, .. J*

corresponding to a k—fold shift of the symbol sequences determined by the entries
in the Ay-CF’s of v_ and 7. But these shifts also correspond to the action of the

map f(f, that is

, 1
S(gy-) =fF(Sv-) with Sy = €l

From these relations we deduce that the periodic orbits of the map P are determined
by the periodic orbits of the map f,; which, in turn, are determined by the points
x € I, with a periodic regular A\,-CFexpansion « = [0;@1, ..., a,]. The base points
v+ of the corresponding closed geodesic «y are given by

V- = oy, Lana] and vy = [0, S

Hence it follows from [13] that there is a one-to-one relation between the orbits of
the points x € Q with periodic regular A,-CF expansion, i.e. the periodic orbits of
the map f, : I; — I, and the periodic orbits of the map P. For the Poincaré map
P : 3 — X this relation is also bijective except for the periodic orbits under f, of
the two points £, , which correspond to the same periodic orbit of P : ¥ — ¥ as
shown in [12, Theorem 2.5.1]. Because of (3.1) the period of a periodic orbit O*
of P is smaller than the one of the corresponding periodic orbit of f; if the A\,-CF
expansion of a point = [0;@1,-- -, G,] in the periodic orbit of f, contains the block
[(£1)*] for some k > 0.

A prime periodic orbit is a periodic orbit which is not obtained by traversing a
shorter orbit several times. Analogously a periodic point z = [0; a1, .-, a,] is said
to be prime if n is the shortest period length of the sequence ag, ..., a,. Consider
now a prime periodic orbit v* = (y_,74) of the geodesic flow determined by the
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prime periodic point z* = S~y_ = [0;a1,..-,a,] € I;. The period I(y*) of v* is
given by the well-known formula

I(y)=2InA

where A is the larger one among the two real positive eigenvalues of the (appropri-
ately chosen) hyperbolic element g* € G, whose attracting fixed point is z* € I;.

But f'(z*) = #* and hence f;' defines a hyperbolic element g* € G. A straight-
forward calculation then shows that

(y") =In |

_ i r (7))
=0

where 7(z) = In f;(z). Since PF(z*) = z* for some k < n for 2* € ¥ corresponding
to z* , the period I(7*) can also be written as

Zln

)

k-1
1) =3or (PEY).
=0
Observe here, that r(z*) = In f; (2*) is exactly the recurrence time function for the

Poincaré map P. The Ruelle zeta function ¢ r(s) for the generating map f; of the
Aq-CF expansion is defined as

with .
Zn(s) = Z exp (—s Zln f;(fé“@)))
zEFix f! k=0

where we used the positivity of f, for real arguments. It is well-known that for Rs
large enough (g(s) is a holomorphic function. A prime periodic orbit

0= (:c, folz), ..., f;“l(x))
of period n contributes to all partition functions Z;,(s), { € N.
If Zo(s) = Y12, Texp(—slro) denotes the contribution of a prime orbit O to
the Ruelle zeta function then one finds by using the Taylor expansion for In(1 — z)

5) = exp (z@: Zo(s)> = exp (-%:m (1- e—sro)> :

where 7o = In ( fg‘)/ (z) depends only on the orbit @ and not on the specific
point x € O. Summing over all the prime orbits O of f; leads to the well-known

formula [18]
_ -1
Cr(s) = H (1—e o) .
o

Consider on the other hand the Ruelle zeta function for the map P:Y -3 We
know that the prime periodic orbits O of this map are in a 1 — 1 correspondence
with those of the map f, : I; — I,. Let x = [0;a1,.--,a,] determine such a
periodic orbit @. Then the corresponding periodic orbit O of P is determined by
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the point Zp € X where Zp is the intersection of~f] with the geodesic v with base
points (S, —y), y = [0;@n,---,a1]*, such that P*(Zp) = Zo for some 1 < k < n.
Observe that

k—1 n—1
re = Z T (75m(20)) = Z In f; (f(x)) = ro.
m=0 m=0

Hence the contribution Zs(s) of the orbit O to the Ruelle zeta function Cr(s) of
the map P coincides with the contribution Zo(s) of the orbit O to Cg(s) of the map
fq- Therefore the Ruelle zeta functions for the two maps are identical.

In [13] it was shown that there is a 1 — 1 correspondence between the prime peri-
odic orbits O of the map P:% — 3 and the prime periodic orbits 7 of the geodesic
flow on S M, up to the two orbits O determined by the endpoints (S (£74), :Frq).
These two orbits coincide under the projection 73 : SH — SM,. However, the
contributions of both of these two orbits are contained in the Ruelle zeta function
(g for the map P respectively fq- The period of the orbit O, of the point r, under
the map f, is given by r, defined in (2.3). Define therefore the partition function

z9+ (s), n € N as follows:

Z8+(s)=0  for all n with s, {n and

Z9+(s) = Ky exp (—sl In (f;q)/ (rq)> n=ryl, 1=1,2,....

Then one gets

exp (— Z % ZS+(5)> = exp <— Z
1=1

n=1

o~ =

e—slr@+> —-1— e—sro+.

Hence the Ruelle zeta function (% (s) for the Poincaré map P : ¥ — X of the
geodesic flow ®; : SM,; — SM, has the form

CF(s) = H (1- e_”@)fl.

0#£0,

3.2. The Selberg zeta function. The Selberg zeta function Zg(s) = Zg“(s) for
the Hecke triangle group G|, is defined as

zsts) =11 I (1_ef<s+k>l<v*>).
k=0 ~* prime

The inner product is taken over all prime periodic orbits v* of the geodesic flow on
M, and {(v*) denotes the period of v* (and hence the length of the corresponding
closed geodesic). It is now clear that we can write Zg(s) as

Zo) =1 T (1),

k=0 0+0

where the inner product is over all prime periodic orbits O # (5+ of the Poincaré
map P : 3 — ¥. For s > 1 it can also be written in the form

CIilo o (1 — e~ (thiro)

Z5(s) II?LO<1__67@+kVO+)
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where the product []. is over all prime periodic orbits O of the map f,. If the
period of O is #0O = then rp =1In (fé)/ (z) for 2 € O. Hence ro, =In ( :“)/ (rq)-
Note that the zeros of the denominator all lie in the left half s-plane. We will show
next how this function can be expressed in terms of the Fredholm determinant of
the transfer operator for the map f, : I, — I,.

4. Ruelle’s transfer operator for the Hurwitz-Nakada map f, : I, — 1.
For g : I; — C a function on the interval I; Ruelle’s transfer operator £, for f; acts
on it as follows:

Lyglx)= Y e *"Wg(y)

yefs ()

where r(y) = In f;(y) and and Re(s) > 1 to ensure convergence of the series. To
get a more explicit form for £, one has to determine the preimages y of any point
x € I,. For this recall the Markov partition I, = Uz‘eAHq Qi A, = {£1,..., 5y}
n (2.6), determined by the intervals ®; defined in (2.6) and the local inverses ¥,, of
fq in (2.7). The Markov property of the map f, shows that the preimages of points
in ®¢ can be characterized by the following lemma

Lemma 4.1. For x € ® C I, for some i € Ay, the preimage f;l(z) is given

by the set fo'(z) = {y € I 1 y = Vn(x), n € Ni}, where Ni = U ca, Nij with
*q

-/\/i,j = {n € Z - ﬁn(q)z) C q>j}

Proof. The preimages of a point = in the open interval ®; can be determined
by looking at its A,-CF expansion x = [0;aq,as,...]. The boundary points of
the interval ®; are members of the orbit O(—%) such that for ¢ = 2h, + 2
one finds that ®; = [[0;1"«*1=%] [0;1"~%]], 1 < i < h,, respectively for ¢ =
2hy + 3 one finds that ®g; 41 = [[0;17«7% 2, 1h4],[0;1" 7], 1 < i < h,, and
y; = [[0; 1hat1=7] [0;1ha=% 2 1%4]], 1 < i < h,. For the intervals ®_; one
gets analogous expressions with negative entries in the \,-CF expansions. If for
q = 2hg + 2 one has x € ®¢ then its A\,-CF expansion must be either of the form
x = [0;1%a 1= —m .. ] for some m > 1 or of the form z = [0;1%~% m,..] for
some m > 2. It is easy to see that the set of n € Z such that ¥, (z) = [0;n, 2] € I,
does not depend on z but only on the interval ®;. Thereby [0;n,z] denotes the
concatenation of the corresponding sequences. If furthermore ¥, (z) € ®; for x € ®;
then ¥, (®;) € ®; and hence N; = UjeAKq J\/” The same reasoning applies to the
case ¢ = 2hg + 3. O

Remark 1. We will define the operator £, on a space of piecewise continuous
functions, hence it is enough to determine the preimages of points in the interior
of the intervals ®;. In general, points on the boundary of an interval ®; can have
more preimages than those in the interior.

We are now able to determine the sets N; ; explicitly. For this we denote by Z>,,
respectively by Z<_,, for n = 1,2,... the sets Z>, := {l € N: 1 > n} respectively
Ze_y ={l€Z:1<—n}.
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Lemma 4.2. For q = 2hy + 2 the sets N; ; are given as follows:
Nin, =Lso, N1,—p, = L< 1

Niic1 = {1}, Nip, = L2, Nij—n, = Z<_1,2 < i < hy,
Nij=0 forall other 1<i<hg, andall jeA,,
N_ij=-Ni_; forall i,jeA,.
For g = 3 the sets N; ; are given by
N1 =Z>3, N1 1 = Zc s,
N_l,]‘ = —./\/'17_]',]' = =+1.
For q = 2hgq + 3 one has
Nion, = {2}, N1 —on, = {-1}, Nigng41 = Z>3, N1 _2n,+1) = L< 2
Noon, = {=1}, Nopn,41 = L2, No —(2n,+1) = L< 2
N’i7i72 = {1}3 3 S { S Rg, -/\[7;,72]7,4 = {_1}7 1 S { S KRgq,
Nighgt1 = L2, Ni _(2h,+1) = L< 2.
Nij = 0 for all other 1 < i < kyq,j € Ay, and again N_;; = —Nj _; for all
1§i§ﬁq,j€A,€q.
Proof. We will prove the case ¢ = 2h, + 2, the case of odd ¢ is similar. If z € ®¢
then either z = [0; 1"¢, —m, ...] for some m > 1 or = [0;1"«~1 m,...] for some
m > 2. In both cases y = [0;1,2] ¢ I, whereas y = [0; —1,2] € ®_},_ respectively
y = [0;£n,2] € ®ip, for n > 2. For x € ®j, one has x = [0;1,—m,...] for
some m > 1 or x = [0;m,...] for some m > 2. In this case y = [0;1,2] € &5, 1
and y = [0;£n,z] € ®p, whereas y = [0;-1,2] € &_p,. For z € &;,2 < i <
hy —1 = K, — 1 finally one has either z = [0; 1%« T1=% —m_ ...] for some m > 1
or x = [0;1%~% m,...] for some m > 2. In both cases y = [0;1,2] € ®;_; and
y = [0;4n,2] € @iy, for all n > 2 whereas y = [0;—1,2] € ®4,. All other
sets N ; are empty for 1 < i < hg and j € A,,. That N_;; = —N; _; for all
1<i< Ky, j€ Ax, is obvious from ®_; = —®; and the form of the maps ¥,,. [

This Lemma allows us to derive explicit expressions for the transfer operator £
for the map f, : I, — I,. Using the index sets N; = [J N, j we can rewrite the
transfer operator L in (4) as

ieAnq nENi

j€An,

where x¢, is the characteristic function of the set ®,. If we now introduce vector
valued functions g = (g)ica,, with g; := gle, then the operator L, can also be
written as follows

(Lsglil@) = D > (9(2))" gj(9u())

jeA)«gq TIEN@,J'

D LY (LY s
zZ+nNg 97 z+nN )’ v

jEA,{q ’I’LENi,]‘

If g; is continuous on ®; for all i € A, then (L,g); is also continuous on ®; since
U (®;) C @, for n € N; ;. This implies that £, is well defined on the Banach space
B = ®4¢ Ay C(®;) of piecewise continuous functions on the intervals ®;. To give



TRANSFER OPERATOR FOR HECKE TRIANGLE GROUPS 17

explicit expressions for this operator on the space B denote for n € N by LT, ; the

operator
= ~1
Linso(@ Z z:l:n)\ (z:l:n)\q>’

l:n

and by L4, s the operator

Linsg(@) = —— 9( - )
’ (x £nXg)? 7 \z £ n),
Then we have
Lemma 4.3. For q = 3 the operator L is given by
(Lsgh = L3501 + L5 ;91
(Lsg)-1 = L3501 + L35 391
For g = 2hy + 2 one has
(Lsg)r = L gn, + L2 (9-n,
(Lsg)i = L1,sGi—1 + L3 Gh, + L2 g-n,, 2 <0 < hy,
respectively
(Lsg)—1 =LY gn, + L5 s 9-n,
(Lsg)—i =L 1s9—(i—1) + LT 5 gny, + L 91, 2 <1 < hy.

For q = 2hgq + 3 one has
(Lsg)1 = Las gan, + L35 g2n,+1 + L% o 9—2n,+1) + L1,s 9—2n,
(Lsg)2 = L5 gan,+1 + L2  9—(2n,+1) + L1, 9—2h,

(Ls9)i = L1,s 9(i—2) + L35 Gang+1 + L% s 9 on,+1) + Lo1,s9—2n,, 1 <0 <2k + 1,
respectively

(Lsg)—1 = L1,s 92n, + L5 Gong+1 + L5 s 9—(2n,+1) T L2,s 9—2h,,

(Lsg)—2 = L1,s 92n, + L3 Gang+1 + LSS o 9—(2n,+1)5

(Lsg)—i = L1.s Gang + L35 Gong+1 + LSS s 9_@n,41) T Lo1,sg2—i, 1 <0 < 2hg + 1.

Unfortunately, on the space of piecewise continuous functions the operator L; is

not of trace class. In fact, it not even compact.

Much better spectral properties however can be achieved by defining £; on a
Banach space B = @®;ea, B(D;) with B(D;) the Banach space of holomorphic

functions on certain discs D; C C with ®; C D;, i € A, , continuous on D;
together with the sup norm. This is possible, since all the maps V4, m > 1
have holomorphic extensions to complex neighborhoods of I, with the following
properties:

Lemma 4.4. There exist open discs D; C C, i € Ay, with ®; C D; such that for
all n € N; ; we have 9,,(D;) C D;.

Here D; denotes the closure of the set D;. For the proof of the Lemma it suffices
to show the existence of open intervals I; C R, i € A, which have the properties

e &, C I; and
e U,(I;) C I for alln € N; ;.
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Since the maps 1J,, are conformal it is clear that the discs D; with center on the
real axis and intersection equal to the open intervals I; satisfy Lemma (4.4).
Using (2.7) the two conditions on I; can also be written as

ST"I;CI; and ®;CI; forallne N, jandall i,j€ Ay,

In the cases ¢ = 3 and ¢ = 4 we give explicit intervals fulfilling conditions (4).
For the case ¢ > 5 we first show the existence of intervals I; satisfying the weaker
condition

ST I; C Ij and ®; C I; forallne '/V.ivj'
The existence of intervals I; satisfying (4) then follows by a simple perturbation
argument.

Lemma 4.5. The intervals

1
I = (_172) and I_1:=—-I; for q=3,

respectively
I = (1,1‘1) and I_4:=-Iy for q=4,
satisfy Condition (4).
Proof. The above intervals I;,7 = £1 obviously satisfy
b, = {A;,O} ch and o, = {0, )\;] Ccl_q,

since \3 = 1 and \y = V2. For ¢ = 3 one has N} = Z>3 and N} _; = Z<_»
respectively N_; _1 = —Z>3 and N_; 1 = —Z<_5. Hence we have to show that
0,(I) C Iy for all n > 3 and 6,,(I;) C I_; for all n < —2. Since all the maps are
strictly increasing it is enough to show 6,,(—1) > —1 and 6,,(3) < 3 for all n > 3

respectively 0,,(—1) > —% and 6,,(3) < 1 for all n < —2. But 6,(—1) = _Ll_n >
S >—land 0_,(3) = 7 = 2r < Z <1lforall n>2 Since N_;; = —N;_;
and I_; = —1I; the result for the interval I_; follows .

Consider now the case ¢ = 4. Then one has N1 = Z> and Nj 1 = Z<_
respectively N_y _1 = —Z>o and N_1 1 = —Z<_;. Hence one finds that 6,,(—1) =

_1:_;/\4 > _1:_1%4 > —1 since 204 = 2v/2 > 2 and Hn();l—“) = %43»\4 <0< % for
. A Ay 1

all n > 2. Furthermore 6_,(—1) = oo = 0> =7 and 0_n(5) = ET—— <

% - );T“ = ﬁ < 1, since 3v/2 > 4 for all n > 1. Since N_; ; = —N; _; and

D; = —D_; the Lemma is proved. O

Proof of Lemma /.4 for ¢ = 3,4. The maps 1,, are all conformal, which means that
they preserve angles and generalized circles. It is now easy to see that the discs D
which have diameters along the intervals Iy, satisfy the conditions of the lemma
for g =3 and ¢ = 4. O

To prove Lemma 4.4 for ¢ > 5 we need several Lemmas.

Lemma 4.6. For q=2hs+2,hg > 2 and 0 <t < hy

(ST)ha—? (_x,) =[-1;(-=1)], i=0,...,h,



TRANSFER OPERATOR FOR HECKE TRIANGLE GROUPS 19

and

Proof. By (2.1), (2.2) and (2.3) we have

(ST)"ha~ <;> = (ST)"~* (ST)" 0= (ST)"""%0

=(T7'9)'TtST'So=T"1 (ST ") 0

=[-L(-1)T.
This shows relation (4.6). By definition it is clear that —A, = [—1;] and then
inequalities (4.6) follow immediately from §2.4. O

Next we can prove

Lemma 4.7. For ¢ = 2hy + 2,hy > 2 define the intervals I; respectively 1_; for
1<i<hgbyl:= ([[—1; (-1)7, %) and I_; := —1I;. Then

19:‘:”(7:‘:@) C I:I:hq for alln>2,1=1,..., hq,

Din(L54) Clip, foralln>1,i=1,...,hy and

Vx1(Ix;) CIyi—y  for alli=2,...,hy.

Hence 9,,(1;) C I, for allm € N ;.

Proof. Since N p, = Z> for all 1 < i < hy we have to show that 9,(I;) C I, for

all 1 <i < hg and all n > 2. But 9, ([~1; (—=1)7]) = [0;n — 1, (~1)"] > —22 by 2.2.

On the other hand 19n(%) = ,\_j*q <0< % and hence 9,,(I;) C Iy, Consider
NAqT 7~ .

next the case N _p, = Z<_1 for 1 <i < hy. There one has 9_,([-1;(=1)"]) =

[0;—n —1,(=1)"] >0 > f%. Furthermore one finds for all n > 1 that ﬂ_n(%) =
m < i < % since for ¢ > 6 one has A\, > V3. Hence 9_,(I;) C Iy,
for all n > 1. Consider finally the case N; ;1 = {1} for 2 < i < h,. In this case

i - i— Agy
one finds 91 ([-1;(-1)"]) = m = [-1;(=1)*"']. Furthermore ¢, (5t) =
X 11& <0< );T“ and hence 91 (I;) C I;_; for all 2 <14 < h,. The intervals I_; have
aéairi analogous properties. O

For odd ¢ > 5 we need

Lemma 4.8. For q =2h,+3,hy > 1 one has

2
(ST)thrlfi ([[0; 1hq]]) = [-1; (—1)i]] for 1<i<hy

(STt~ <_)‘q> =[-1;(-1)",=2,(=1)"]  for 0<i<hy,
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and

A =[-L] < [-1-2,(-1)"] < [-1;-1] < [-1; (-1)*, =2, (-1)*]

<L < [FL (D% -2, (DM < [FL (D)) <
< [[_1; (_1)hq_1’ _27 (_1)hq]] < [[_1; (_1)hq]] < [[_1; (_l)hqa _27 (_1)hq]]
)\‘I

5
Proof. By (2.1), (2.2) and (2.3) we have
(ST)ha—t (—2) = (ST)ha=t (ST)"a ST? (ST)" 0

= (8T)~=38T%(ST)" 0

T (ST Y ST ST-1S ST? (ST)"s
-1 (ST~ 1 ( )h atlg

T (ST7! ST)~ha=2(

T

T

[-

)'S
)" ST™H(
LsT—1y ST‘2 (ST=Hra ST=1S0
) ST (ST~") 0
-2, (=1)ha].

1 (ST 1
1 (1),
Similarly, we have

(ST)h4+17i ([[0; 1hq]]) _ (ST)hq+17i (ST)hq 0

This shows relation (4.8).
The lexicographic ordering in §2.4 implies

[ ] <[-1;-2,(-1)"] < [-1; -1] < [-1; -1, =2, (-D)™] < ...

A
- < [[_1; (_1)hq]] < [[_]-7 (_1)hq727 (_1)hq]] = _?q
Using the identities in (4.8) shows (4.8). O
Now we can prove the following lemma for odd ¢
Lemma 4.9. For q = 2hy + 3, hy > 1 define the intervals
i he1 A .
I2i+1 = ([[_1; (_1) ,_27 (_1) q]]v I) for 0<i< hqa
N )
Iy = ([-1;(-1)7, Zq) for 1<i<h,.
respectively I_; := —1;, 1 <1 < kg = 2hg + 1. Then ®; C I; for all 1 < i < Ky

and 9,,(1;) C I for all n € N;j, (i,5) # (£k, £(k — 2)), 3 < k < 2h, + 1, whereas
In(I1k) C I:t(k_Q) for alln € N:tk,:l:(k—z)a 3 <k <2hg+ 1.
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Proof. Since the proof of this Lemma proceeds along the same lines as in the case
of even ¢, we restrict ourselves to the case where ¥, (I;) C I; for n € N ;. This
happens only for the pairs (¢,7) = (£k, £(k — 2)), where NV; ; = {1} respectively
Nij = {—1}. In these cases one finds indeed that 91 ([—1; (—1)% —2,(—1)"]) =
[—1; (=1)i=%, =2, (=1)h4] respectively 91 ([—1;(—1)]) = [~1;(—1)""!]. Hence the
left boundary point of these intervals is mapped onto the left boundary point of the
image interval. The case of negative indices (i, j) follows again from the symmetry
of the intervals and the sets A ;. O

To prove finally Lemma 4.4 one has to enlarge the intervals I; a little bit so that
In(l;) C I; for all n € N ;. In the case ¢ = 2hy + 2, hy > 2 one can take the
intervals I; = —1_; = ([-1;(=1)% n;], );Tq) with n; > n;—1 for 2 <4 < hy and ny
large enough. In the case ¢ = 2h, + 3, hy > 1 one can choose the intervals

) A .
121‘4_1 = 71_21‘_1 = ([[71, (71)17 72, (71)}1‘7,7127;4_1]], Zq) fOI‘ 0 S 1 S hq,

- A
IQ»L‘ = 71_21‘ = (H*l; (71)1,7121‘]], Zq) fOI‘ 1 S Z S hq

with 7911 > na; > ngj—1 > ng;—o for all 1 < ¢ < hy and n; large enough.

The existence of the discs Dj,i € Ay, , of Lemma 4.4 shows that the operator
L is well defined on the Banach space B = @iea,, B(D;) with B(D;) the Banach
space of holomorphic functions on the disc D; with ®; C D;, i € A,_, with the sup
norm. In fact we have the following theorem.

Theorem 4.10. The operator Ls : B — B is nuclear of order zero for Rs > % and
extends to a meromorphic family of nuclear operators of order zero with poles only

at the points s = 1;2]“, k=0,1,2....

Proof. It is now easy to verify that the operator £, can be written as a 2k, X 2k,
matrix operator which for even ¢ has the form

0 0 0 Ly, L%, 0 0 0
Li, O 0 Ly, L%, 0 0 0
0 Lis O Ly, L%, 0 0 0
s |0 0 Lis £ £5, 0 0 0
. 0 0 0 L L%, Lois 0 0
0 0 0 Ly, L%, 0 L, O

0 0 0 Ly, L%, 0 0 L_i,
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For odd ¢ it has the form

0 ... 0 Los L5 L%, Lo 0 e 0
o ... 0 0 5 L% Lo 0 e 0
£1,s 0 0 S’OS 302’5 L‘,LS 0 0
o 0 ... Lis O 5 L% Lo 0 0
S ) 0 Lis L3 L% 0 L1 0
0 0 El,s S?S 302,5 0 0 [:,1)3
0 ... 0 Lis L5 LN, 0 0 0
0 ... 0 Lis L5 LX, Lo 0 e 0
with
—, 1
i = 2s for 1 =1,2
il,sf(z) ;(ZinAq) f(Z:t’fl)\q) or [ ) a3a
respectively
1
Lis = 2s for | = +1, 2.
1) = () ) for
As for the transfer operator of the Gauss map (cf. [10]) one shows that the oper-

ators Eﬁ, | = +1,42,43 define meromorphic families of nuclear operators L7 :
B(D;) — B(Dj) in the Banach spaces of holomorphic functions on the discs for
which N; ; = Z>; respectively N; ; = Z<_; for | = 1,2,3. These operators have
poles at the points s = s, = % for k =0,1,---. On the other hand the operators
Ls, ! = £1,£2 with £; ; : B(D;) — B(D;) are holomorphic nuclear operators in
the entire s-plane in the corresponding Banach spaces of holomorphic functions on
the discs for which V; ; = {#l}, [ = 1,2. Hence the operator L has these properties
in the Banach space B = ©jca,, B(D;). O

5. The reduced transfer operators L, ., ¢ = £1 and functional equations
for their eigenfunctions.

5.1. The symmetry operator P : B — B. From the above matrix representation
of the transfer operator L, it can be seen that this operator has a certain symmetry
which we will discuss next. For this purpose, define the operator P : B — B as

(Pf)i(z) = f-i(=2) for [=(fi)ica,,

This operator is well-defined, since D_; = —D; for all 1 € A,Qq and P? =idp. That
P is indeed a symmetry follows from the following lemma.

Lemma 5.1. The operators P : B — B and Ls; : B — B commute for all s €
C,s#s,, k=0,1,2,---.

Proof. Let Rs > % and suppose that f € B. To extend ¥}, to the complex discs
D;. we use the convention (n + 2)?° := ((n + 2)?)® It is then easy to see that

2s 2s
Lis(Pf)i(z) = anz (ﬁ) J—i (ﬁ) = anz (—z+’r7,)\q> f-i (ﬁ) =
L_1s(f=i)(—=). for any positive integer [. From the form of the matrices in the
proof of Theorem 4.10 it follows that the matrix elements of L4 satisfy the iden-
tities: (Ls)i,; = Ly if and only if (L£5)—s—; = L_; s respectively (Ls);; = EZ‘;
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if and only if (Ls)—i—; = L> ;. Combining these two observations, the fact
that L;Pf(z) = PLsf(z) follows immediately. Since both the operators P L
and L, P are meromorphic in the entire s-plane with only poles at the points
s = sk, k=0,1,... they coincide there. O

This allows us to restrict the operator Lz to the eigenspaces of the operator P
which is an involution and therefore has the eigenvalues +1. Denote these eigenspa-
ces by By . Then f = (fi)ic,,, € B+ if and only if f_;(2) = £ fi(—2) for i € A,,.
Let B, denote the Banach space By, = ®1<i<x,B(D;) with the discs as defined
earlier in Lemma 4.4. Then the transfer operator L, restricted to the spaces By
induces the following operators L + in the Banach space By,. For q = 2hy + 2,
kg =hg and ¢ = (g:)1<i<x, We get:

(Ls,:°9)1(2) = L, gn, (2) £ LX), gn, (2)
(Lo279)i(2) = L1sgi1(2) + L gn, (2) £ L cgn,(2), 2<i < hg.  (8)

For ¢ = 3 on the other hand we get
(Lsx9)1(2) = L% 91(2) £ L%, 91 (2),
respectively for ¢ = 2hg +3 > 5, kg = 2hq +1

(Ls29)1(2) =La,s gon, (2) + L5, gx, (2) £ L1, 92n, (2) £ L% (g, (2)

(L5279 )2(2) =L gr,(2) £ L_1,5 gon, (2) £ L , g, (2) 9)
(L6,+79)i(2) =L1,s gim2(2) + L% g, (2) £ L1, gon, (2) £ L , gi, (2),
3 <1 < Ky.

For i > 0 the operators L, and L; s coincide with the operators £ and L; s,
1

whereas L™ g(z) = >.0", (Z_nlAq)zsg(Z_nAq) and L_; s9(z) = ﬁg(ﬁ)

5.2. Functional equations. It is well-known that for modular groups, i.e. finite
index subgroups of Gs = PSL(2,7Z), the eigenfunctions of the transfer operator L
with eigenvalue p = 1 fulfill simple finite term functional equations [7], so called
Lewis equations, which are closely related to the period functions of Lewis and
Zagier [9] for these groups. In the present case we can also derive such functional
equations, but it is not clear how their holomorphic solutions are related to the
period functions of the Hecke triangle groups G4 for arbitrary ¢. In the case ¢ = 3
it was shown in [2] that the solutions of the functional equation derived from our
transfer operator L, for s = % are indeed in one to one correspondence with the
Maass cusp forms for G3. Since the spectrum of the operator L, is the union of the
spectra of the two operators L, ., € = +1, we use these two operators to derive the
corresponding functional equations. In the case ¢ = 3 their eigenfunctions ¢ = (g1)
with eigenvalue p = 1 obey the equation

g1 = gl|(N3 + €N_2) (10)
where we used the so-called slash-action defined by

o0 [e%e] 2s
1 -1
g1|Ng(z) = 1| Y ST' = () g1 ( ) yk>1,
; Z z2 41 z+ 1)

=k
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respectively

© o] 1 2s 1
= .= - >
Al =0l 5T =3 () o () 2

=k

where Tz = z+ Ay, Sz = %1 and Sz = % This action is similar to the usual slash-
action of weight s but we extended it in the natural way to the group algebra of G,
over C. One now sees that g;|N3(1 —T) = ¢1|ST? and ¢1|N_o(1—T) = —¢g1|ST 1,
which leads to the following four term functional equation

gil1=T) = gi|(ST® — ST ™),

or explicitly,

0@ =040+ () 0 () () @ () @

An easy calculation shows that every solution of eq. (10) satisfies the equation
91(2) = eg1(—z — 1). Therefore only solutions ¢; of eq.(11) with this property lead
to eigenfunctions of the transfer operator. But then g; obeys also the four term
functional equation studied in [2]

=00+ () 0 (55) - () o (). w@

On the other hand, every solution g; of eq. (12) with ¢1(2) = eg1(—2z — 1) is also a
solution of eq. (11).

For ¢ = 2hq 4+ 2, hy > 1, on the other hand we find that for an eigenfunction
G = (9i)1<i<h, 91 = gn,|(N2 + eN_1) and by induction on i:

gi = q1|Pi—1(ST), 2 <i < hy

where g|P;(g) for g € G, is an abbreviation for ¢g|P;(g) = g| ijo g'. Hence the
function g; fulfills the equation

91 = 91|Pn,—1(ST)(Na +eN_y).

But [Ny(1 —T) = |ST? and |[N_;(1 —T) = | — S leading to the g-term functional
equation i

91l(1 =T) = g1| Py, -1 (ST)(ST? — €5),
which for ¢ = 4 reads explicitly as

wr-ats 130+ (s25) o (k) ()" ().

For ¢ = 6 corresponding to h, = 2 one finds that

wr=nte0 (50) o () () ()

N 1 s 2+ 2 1 s —z
_— —_— — €|\ —— S E—— .
ez +1-222) P\ hez+1- 22 T+ xez) T\ T+ 22

For g = 2hgq + 3, hq > 1 one finds that

91 = Gon, |ST? + gan,+1|N3 + €gon, | ST~ + €gon,+1/N_2
respectively }
92 = 9an,+1|N2 + €gon, | ST + €gan, +1|N_2
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and hence
91 = g2 + gon, |ST? — gon,+11ST". (13)
Induction on i shows furthermore
g2; = g2|Pi—1(ST), 1 < i < hy,
respectively
g2i11 = 91| (ST)" + g2| Pi_1(ST), 1 < i < hy,.
Therefore
goh, = 92|Pr,—1(ST) and  gon, 41 = g1|(ST)" + go| Pr,—1(ST).
Inserting this into equation (13) shows that
g2 = g1 + 1| (ST)" ' T.

This allows to express both gap, and gop,+1 in terms of g;:
gon, = 91| (1 + (ST)"*'T) Py, 1 (ST)

respectively

92,41 = 1| (ST)" + (g1 + g1 |(ST)"***'T) Py, _1(ST).

Inserting these expressions into equation (13) gives finally the following functional
equation for g;:

g1 = 91|P,—1(ST)ST? + g1|(ST) "« ' TPy, _1(ST)ST? + g1|(ST)"* N3
+ 91|Pr,—1(ST)N3 + ¢1|(ST) "' TPy, _1(ST)N;
+ €(g1|Pr,—1(ST)ST™ + g1 |(ST) "« TPy, 1 (ST)ST ™ + ¢1|(ST)"*N_,
+ g1|(ST)" TP, _1(ST)N_3 + g1|Pn,—1(ST)N_5)..
Since |N3(1 —T) = |ST? and |[N_5 = | — ST~ the ”"Lewis” equation for the Hecke
triangle group G4, ¢ = 2hy + 3 has the form:
91|(1 = T) = g1|(Pn,—1(ST)ST? + (ST)"« ' TPy, _1(ST)ST? + (ST)" ST?)
— €g1|(Ph,—1(ST)S + (ST)"s TP, _1(ST)S + (ST)"+ST1).

For ¢ = 5 corresponding to hq = 1 this reads

g1|(1 =T) = q1|(ST? + (ST)*TST? + (ST)*T?)
—eq1|(S + (ST)?>TS + STST ™).

6. The Selberg zeta function for Hecke triangle groups G,. We want to
express the Selberg zeta function for the Hecke triangle groups G4 in terms of
Fredholm determinants of the transfer operator £, for the map f,. Our construction
is analogous to that for modular groups and the Gauss map [3]. We start with a
discussion of the Ruelle zeta function for the H-N map f,.
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6.1. The Ruelle zeta function and the transfer operator for the Hurwitz-
Nakada map f,;. We have seen that the transfer operator £, for the map f; :
1, — I, can be written as

(L)) = D (W0n(@) f(ul)), (14)
n€eZ:[0;n,z] €A,

where A, denotes the set of regular A,-continued fraction expansions of all points
x € I, and if x = [0;a1,a9,...] € I; then [0;n,z] denotes the continued fraction
[0;n,ay1,az,...] . The iterates £¥, k = 1,2, ... of this operator then have the form

(L5 f)(z) = > (Do @) Oy (2)4
(n1,...,nk) EZF:[Osn,..., ng,r]EAq

where ¥y, .. n, denotes the map ¥,, o...09,,.

We have seen that the set of k-tuples (ni,...,nx) € Z¥ with the property that
[0;n1,...,nk, 2] € Ay depends only on the interval I; for « € I?, the interior of the
interval I;. Denote by ff, 1 <17 < Ky the set

FF={(ny,...,nx) €ZF : [0;n1,...,np,2] € A, forall zeclI}.
It follows that if z € I; then £¥ can be written as

i) = >0 ) @ Oy ()

(n1,...,nk)€]:f

If f;, j € Ay, denotes the restriction f|I; and nj, = (n1,...,ny) € Z* we get

(Lefil@) = Y > (0, (@)xs, (9, (@) f;(In, (2))-

jeAnq ny E]'-ik

On the Banach space B = ®ic 4, B(D;) we get

(LENiz) = D > (90, (2)xp, (Vn, (2)) f5(0n, (2)).

J€Akq 0 €FF
The trace of this operator on this Banach space is then given by the well-known
formula for such composition operators [11]

1
trace[/; = Z Z (ﬁ/ﬂk)s(zgk)lﬁ/i*,
i€Ax, n, €FF - Qk(zﬂk)

where zﬁk = [0; 71, .-, %] is the unique fixed point of the map 9, .. n, : D; — D;
which defines a hyperbolic element in the group G,. These points are however in
one-to-one correspondence with the periodic points of period £ of the map f, : I, —
1,. Hence also the following identity holds

trace LY — trace LY, | = Z Z (Uny 0.v 09n,)")(2,)

€Ay ny €FF

_ Z Z ﬁ(ﬁ/m(ﬁnmo... oﬁnk(zﬁk))s

iEANq ﬂkej:k =1

i

k—1
= > T U . (15)

z*€Fixfk 1=0
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Therefore we get

Proposition 1. The Ruelle zeta function Cg(s) = expd_ .~ +Zy(s) for the H-N
map fq: Iy — I, can be written as Cr(s) = % with Ls : B — B as defined
in Theorem 1/ and s € C.

Proof. For Rs large enough we have, comparing equations (3.1) and (15) Z,(s) =
trace L7 — trace L7, | and therefore (r(s) = %Zn( ). Since the operators

L are meromorphic and nuclear in the entire s-plane their Fredholm determinants
also allow such a meromorphic continuation, which proves the proposition. O

6.2. The transfer operator ;. As discussed earlier, there is a one to one corre-
spondence between the closed orbits of the map f, : I, — I, and the closed orbits
of the geodesic flow on the Hecke surfaces apart from the closed orbits of the two
points ry = [0; 1%a=1,2] for even ¢ , respectively rq = [0; 14,2, 17~1 2] for odd g,
and —rg, which are not equivalent under the map f,, but are equivalent under the
group Gy and hence correspond to the same closed orbit of the geodesic flow. In
the Ruelle zeta function (g(s) for the map f, the contributions of both the orbits
of ry and —r, are included. To relate this function to the Selberg zeta function
Zs(s) for the geodesic flow on the Hecke surfaces we have to subtract the contri-
bution of one of these two orbits of f,, say of 74, to this function. This we can
achieve by subtracting the contribution of the orbit Oy of the point r, from the

partition functions Zj.,(s) for the map f, for all I = 1,2,.... Consider therefore
the corresponding Ruelle function ¢ (s) = exp(>_o2, iZo+( )) with

29(s) = {0 » if kg n (16)
Sco, o0 (=5 Sisg I fy(fE@) if |,

If n = k4 we find that Zl(z: (s) = kg exp(—slrop, ) and hence Cg” (s) =

1
1—exp(—sro, )
where 70, = In(f;*)(rq). We now define the transfer operator £S5+ : B — B. Here
B, = ®,%,B(D;) as defined in 5.1. For ¢ = 2h, + 2 we set

(LE+79)i(2) = L1,59i41(2), 1 <0 < hg — 1,
(LG, (2) = L2,591(2). (17)

For ¢ = 2hy + 3 on the other hand define

( )Z(Z) :‘Cl,sgi+1(z)7 1 < 1 < hq
(LT hg+1(2) =L2,59n,+2(2)
(LT hgri(2) =L1,5gn,+i41(2), 2 < i < hy (18)
(2)

(ﬁ ty )2h +1(2 252,591(2)~

In both cases the operator E?* then has the form



28 DIETER MAYER, TOBIAS MUHLENBRUCH AND FREDRIK STROMBERG

0 Lis O ... O 0
0 0 Lys - O 0
Lo+ =
Lis O
0 0 0 0 Lis
£2,s 0 0 0 0
respectively

0 Lis O 0 0 0 0
0 0 Lis O 0 0 0
0 0 0 Ly, O 0 0
LS+=o o o0 .0 Lis O ... 0
Lis O
Los 0 .. .. ... ... .00 0

Then one has

Lemma 6.1. The trace of the operator (E?Jr)" for g = 2hq +2 and kg = hq is
given by
0
trace (LOT)" = W l for kg fn
Kq trace (L1 Lo s) for n=lkg,
respectively for g = 2hg + 3 and kg = 2hg +1 by

0 for kgin
Kq trace (E?fsﬁz,sﬁ?fs_lﬁg,s)l for n=lk,.

trace (LO+)" = {

Proof. Since the proof for odd g is completely analogous we restrict ourselves to
the case ¢ = 2hy + 2. Induction on i shows that for 1 < j < hy one has for

T = (9)1<j<n,
(LO4)7G); = Lisgivs 1<j<hg—i
(L) G)y = L0 Lo L7 gy hg—i+1<j<h,
But this shows that
((LE)rg); = Eﬁflﬁg,s g1, respectively
(L) g); = L1 Loy £ g5 2 < hy.
and therefore
trace (L) =0 if h,tn and
trace (LO+)™ = hy trace (C1% " L) if n=1hy = I,

This proves the Lemma. O
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. hg—1 1 hg—1\1
Now, since trace (L% = La5)" = trace (La,5 £ )’ and

(€2 £157Y 90 = (500221 () ((02012)')

(recall that ¥1n-1 5 =010 ... 0101 09;) we find that
_ d s 1
trace (Los £ = [ == (0101 0)! (2*
race (L2, £17% ) dz( 1n-12)" (27) 1= (s 0)(z")

where z* is the attractive fixed point of ¥ o ... 01 0¥y, i.e. 2* =r,. Thus

- _ d B
trace (La,s E;Lfs Y~ trace (L2,541 C?"’Hll)l = (dz('l91h172)l (z*))

- (012 <z*>)ls

Lemma 6.2. The partition function ZSJ’ in (16) can be expressed in terms of the
transfer operators LS in (17) and (18) as 79+ (s) = trace (/J?*)" — trace (,ijl)"

Proof. We restrict ourselves again to the case ¢ = 2hy+2. The case of odd ¢ is anal-
ogous. Since (f71) (2*) = (910 ...001 00)'(z*)) " and 78+ = kqexp(—sl)ro,
with 7o, = S5y In fo(fE2") = InTT5 ! fo(fE(2*)) = In(fg") (%) we find that
29+ =k ((F5) (%) ™" = kg((Wr 0 .0t 0 02) (%))
=y (trace (Lo £1% 1) — trace (La,e01 £1731)Y).
—trace (L9+)" — trace (Eg_*l)"
O

Hence the Ruelle zeta function C?“(s) = exp(32°°, 127+ (s)) for the orbit O,

n=1n
of the point 74 can be expressed as
o, det (1 — L0
r (s)= — .
det (1 — L)

We can furthermore show

Lemma 6.3. The Fredholm determinant det (1 fﬁg%) coincides with the Fredholm
determinant det (1 — ET:’S_I Ly ) in the case ¢ = 2hy + 2 and 7, = [0; (1)ha—1, 2],
respectively with det(1 — 5}11)‘13 Lo E?fs_l Ly ) in the case ¢ = 2hg + 3 and 14 =

[0; (1)ha, 2, (1)Pa=1,2] .

Proof. This lemma follows immediately from Lemma 6.1 and the following formula
which holds for any trace class operator L: —Indet(1 — L) = >.°° . LtraceL”. O

n=1n

q

Remark 2. The spectra of the two operators E?* and Ei
as follows: definition ((17)) implies that any eigenfunction g = (g;)1<i<n, with

—1
' Lo, are related

eigenvalue p of E?* fulfills the equation pta—lg; = E;L,qs_lghq and hence also the
equation ptig; = ET:’;l L5 sg1. Therefore every eigenvalue p of the operator £+
determines an eigenvalue p"e of the operator ﬁi"s_l Ly 5. Given on the other hand

an eigenfunction g of £}11:’;1 Lo s with eigenvalue p =| p | exp(ic), the function
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A ; ) j j —(hq+1—i) phq—i . .
g9 = (g)gjg)jghq with 99) =g and gz(j) = Pj( o 1)51:15 zﬁz,s 9,2 <1 < hyis
an eigenfunction of the operator £+ with eigenvalue p; for p1,...,pp, the hy-the
roots of p . This shows that the numbers p; = "¢/| p \exp(ih&q) ea:p(?wihj—q) ,0 <

Jj < hq — 1 are eigenvalues of this operator. This shows again that det (1 — E?*) =
hg—1
det (1 - L:l’qs £275).

The contribution of the periodic orbit of the geodesic flow corresponding to the
periodic orbit O of the point r, which appears twice in the Fredholm determinant
of the transfer operator L5 for the map f, is given by det (1 — E}ll:1571£275) for
q = 2hy + 2 respectively by det (1 — L1, L5 L% ' L) for g = 2h, + 3. We then
arrive at the following theorem.

Theorem 6.4. The Selberg zeta function Zg(s) for the Hecke triangle group Gy

can be written as

det(1—Ls) det(l—Ls)(1—Ls—)

Zs(s) = = ;
det(1 —Ks) det(1 — )

where L denotes the transfer operator of the Hurwitz-Nakada map f, : I, — I

in Theorem 4.10, Ls+ denote the reduced transfer operators in (8, 5.1, 9) and

Ko = £ is the transfer operator in (17) for even q , respectively (18) for odd q .
The spectrum o(Ks) is given by
Kq—1

ICS) = { H (fé(rq))2s+2n’ n= 07 ]-7 27 tc }
=0

where kg denotes the period of the point ry

Proof. The spectrum o (L) of a composition operator of the general form Lf(z) =
©(2)f(¥(2)) on a Banach space B(D) of holomorphic functions on a domain D
with (D) C D is given by [11] o(L) = {e(z*)¢¥'(z*)",n = 0,1,...} where z*
is the unique fixed point of ¢ in D. For q = 2h, + 2 the operator K, has
this form with ¢(z) = ((J2 o 19h _1) )¥(2) and ¥(z) = ¥q 0 19h _1(z). Therefore
= 02T, But (oo (27) = 0500 (27 [Ty o4 ()11 ()
Since 9., (9,,1(2)) = 22 for any z € C,m e N, 191“‘_1(2*) = r = 95(z*) and
(9)ha == 2*) = (01)~ 119 ( *) it follows immediately that (¢ o ﬁ?q_l)’(z*) =
I 01 )7 =10 (i) =TI (fi(ra))*

O

Remark 3. Using the explicit form of the maps which fix 74, cf. e.g [13] Re-
mark 27 (where the upper right entry of the matrix for even ¢ should read A —
A3) one can prove that the spectrum of the operator Ky can also be written as
{pn =137 n=0,1,...} where

14— )\2 9_ 1\
% for even ¢ and
R)\ +2 24+ A

_ At for odd
R/\q+2 2+R)\q orectd

The Selberg zeta function Zg(s) for Hecke triangle groups G, and small ¢ has
been calculated numerically using the transfer operator £, by one of us in [21].
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Besides the case ¢ = 3, that is the modular group G3 = SL(2,Z) [2], we do not
yet know how the eigenfunctions of the transfer operator £, with eigenvalue p =1
are related to the automorphic functions for a general Hecke group G,. The divisor
of Zg(s) is closely related to the automorphic forms on G, (see for instance [6],p.
498). One would therefore expect that there exist explicit relationships also for
q > 3 similar to those obtained for modular groups between eigenfunctions of the
transfer operator L with eigenvalue one and automorphic forms related to the
divisors of Zg at these s-values.

Another interesting problem would be to understand the behavior of our transfer
operator L, in the limit when ¢ tends to co. In this limit the Hecke triangle group
G, tend to the theta group I'g, generated by Sz = ’71 and Tz = z + 2. This
group is conjugate to the Hecke congruence subgroup I'g(2), for which we have
constructed a transfer operator in [7], [5]. One should understand how these two
different transfer operators are related to each other. The limit ¢ — oo is quite
singular, since the group I'y has two cusps whereas all the Hecke triangle groups
have only one cusp. Therefore one expects in this limit all the singular behavior
Selberg predicted already in [20]. Understanding the limit ¢ — oo could also shed
new light on the Phillips-Sarnak conjecture [15] on the existence of Maass wave
forms for general non-arithmetic Fuchsian groups.
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