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ABSTRACT. Let T} : S1 — S be a circle homeomorphism with two break
points ayp, ¢p, that means the derivative Df of its lift f : R — R has discon-
tinuities at the points @, ¢, which are the representative points of ap, ¢p in
the interval [0, 1), and irrational rotation number py. Suppose that Df is ab-
solutely continuous on every connected interval of the set [0,1]\{ay, ¢}, that
DlogDf € L'([0,1]) and the product of the jump ratios of Df at the break

Df_(ap) Df— (&) .
DT+ (@) Dic(es) # 1. We prove that the unique T'-

invariant probability measure py is then singular with respect to Lebesgue
measure on ST,

points is nontrivial, i.e.

1. Introduction. This paper continues, and in some sense completes our study of
circle maps with break points in [5]. Let Ty be an orientation preserving homeomor-
phism of the circle S* = R/Z with lift f : R — R, f continuous, strictly increasing
and f(z+1) = f(z) + 1, & € R. The circle homeomorphism T} is then defined by
Tz = f(z) (modl), x € S*, x = &+ 7Z with 7 € [0,1). If T} is a circle diffeomor-
phism with irrational rotation number p = p(f) and logD f is of bounded variation,
then Ty is conjugate to the pure rotation 7}, that is, there exists an essentially
unique homeomorphism T;, of the circle with Ty = T, Lo T, o T,. This classical
result of Denjoy [3] can be extended to circle homeomorphisms with break points.
The exact statement of the corresponding theorem will be given later.

It is well known, that circle homeomorphisms Ty with irrational rotation number
p admit a unique T'f- invariant probability measure py. Since the conjugating map
T, and the invariant measure 5 are related by T,z = p¢([0, z]) (see [2] ), regularity
properties of the conjugating map T;, imply corresponding properties of the density
of the absolutely continuous invariant measure piy. This problem of smoothness
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of the conjugacy of smooth diffeomorphisms is by now very well understood (see
for instance [1, 14, 6, 8, 9, 18]). An important class of circle homeomorphisms are
homeomorphisms with break points or shortly, class P-homeomorphisms. In general
their ergodic properties like the invariant measures, their renormalizations and also
their rigidity properties are rather different from the properties of diffeomorphisms
(see [13] chapter I and IV, [6] chapter VI, [10]).

The class of P-homeomorphisms consists of orientation preserving circle homeo-
morphisms T’y whose lifts f are differentiable away from countable many points, the
so called break points of T , at which left and right derivatives, denoted respectively
by Df_ and D f,, exist, and such that

i) there exist constants 0 < ¢; < ca < oo with ¢; < Df(Z) < ¢ for all & €
[0, D\BP(f), c1 < Df_(Zp) < c2 and ¢1 < Dfy(%p) < ¢ for all 7, € BP(f),
the set of break points of f in [0,1);

ii) logDf has bounded variation.

The ratio os(xp) := gﬁ E;Zg is called the jump ratio of 7% in z;,. Here and later

7 denotes the representative point of x € S! in the unit interval [0,1). The total
variation of logD f we denote by v i.e. v = Var(logDf).

Piecewise linear (PL) orientation preserving circle homeomorphisms with two
break points are the simplest examples of class P-homeomorphisms. They show
up in many other areas of mathematics as for instance in group theory, homotopy
theory and logic via the Thompson group and its generalizations (see [16]). The
invariant measures of PL homeomorphisms were first studied by Herman in [6]:

Theorem 1.1. (Herman) A PL circle homeomorphism with two break points and
irrational rotation number p has an invariant measure absolutely continuous with
respect to Lebesgue measure if and only if its break points lie on the same orbit.

Invariant measures of general class P-homeomorphisms with one break point
have been studied by Dzhalilov and Khanin in [4]. Their properties are quite differ-
ent from the ones for C?*¢ diffeomorphisms. The main result in [4] is the following:

Theorem 1.2. Let Ty be a class P-homeomorphism with one break point c,. If the
rotation number py is irrational and Ty € C?*T¢(S'\{c,}) for some € > 0, then the
T't-invariant probability measure py is singular with respect to Lebesgue measure
lon S', ie. there exists a measurable subset A C S' such that ps(A) = 1 and
I(A) =0.

I. Liousse got in [12] the same result for ”generic” PL circle homeomorphisms
with several break points and with irrational rotation number of bounded type. In
a next step Dzhalilov and I. Liousse studied in [5] a class of circle homeomorphisms
with two break points. Their result is the following:

Theorem 1.3. Let T be a class P-homeomorphism satisfying the following con-
ditions:
i) Tt has irrational rotation number py of bounded type;
ii) Ty has two break points ap, c;, not on the same orbit of T';
iii) there exist constants k; > 0 such that |Df(z) — Df(9)| < k;|Z — g| on every
continuity interval of D f.

Then the Ty- invariant probability measure uy is singular with respect to Lebesgue
measure.
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In the present paper we study circle homeomorphisms 7y with two break points
whose rotation number py is not necessary of bounded type. The main purpose of
the paper is to prove the following:

Theorem 1.4. Let T} be a class P-homeomorphism satisfying the following con-
ditions:

(a) the rotation number p = py of Ty is irrational;

(b) Ty has two break points ay, ¢, such that oy(ap) - op(cp) # 1;

(¢) Df is absolutely continuous on every connected interval of [0, 1]\{as, ¢} and

D?f € LY([0,1],dl).

Then the T¢- invariant probability measure uy is singular with respect to Lebesgue
measure.

Remark 1. Obviously condition (c) is weaker than a Lipschiz condition on D f. If
Tt has two break points on the same orbit then our Theorem 1.4 sharpens Theorem
1.2 since T is not necessarily in C?T¢(S"\{c}) .

The smoothness condition (¢) on Ty in Theoreml.4 we call the Katznelson-
Ornstein (KO) condition.

Consider then a circle homeomorphism 7 with two break points ap, ¢, which
satisfies the (KO) condition and whose jump ratios fulfill of(ap) - o5(cy) = 1. If the
break points of T lie on the same orbit and the rotation number py is irrational of
bounded type, then the Ty —invariant measure is absolutely continuous with respect
to Lebesgue measure ( see [5]).

The second main result of this paper concerns circle homeomorphisms with two
break points not lying on the same orbit.

Theorem 1.5. Let Ty be a class P-homeomorphism satisfying condition (c) of
Theorem 1.4 and the conditions

(a’) the rotation number py of T is irrational of bounded type;
(b’) Ty has two break points ay, ¢y on disjoint orbits and o¢(ay) - of(cp) = 1.
Then the Ty—invariant measure py is singular with respect to Lebesgue measure.

The main analytic tool for proving Theorems 1.4 and 1.5 are cross-ratios. This
technique has been introduced in [18] for discussing real analytic circle homeomor-
phism with critical points. Recently it has been used by Teplinsky and Khanin (
see [11], [17] ) for establishing a sharp version of Hermann’s Theorem and by Navas
in the context of group actions on the circle ([15]). One can expect that this tech-
nique will play an important role in the future for handling circle homeomorphisms
with singularities. The properties of invariant measures of circle homeomorphisms
with two break points satisfying the condition o¢(as)-o¢(cy) = 1 and with rotation
number of unbounded type are not yet known.

2. Preliminaries and Notations. Let Ty be an orientation preserving homeo-
morphism of the circle with lift f and irrational rotation number p = py. We
denote by {k,,n € N} the sequence of entries in the continued fraction expansion
p=lki, ke, ...kn,..] =1/ (ks +1/(ka+ ...+ 1/ (k,+...))). For n € N denote by
Dn/qn = [k1, k2, ..., k] the convergents of p. Their denominators ¢, satisfy the well
known recursion relation g,4+1 = kn+1qn + qn-1, n >1, g0 =1, ¢1 = k1.

For an arbitrary point xo € S* define Aé") (70) as the closed interval on St with
endpoints z¢ and x4, = T]?":co, such that for n odd x4, is to the left of z¢ and for
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n even it is to its right. Denote by Agn)(xo) = T}A(()") (x0),i > 1, the iterates of

the interval A(()n)(xo) under TF.
It is well known from the work of Denjoy, that the set &,(zo) of intervals with
mutually disjoint interiors defined as

ulwo) = {A" V@), 0<i < qu AP(w0), 0L <gua} (1)

determines a partition of the circle for any n. The partition &, (z¢) is called the n-th
dynamical partition of the point zo with generators A" () and Al (x).
Obviously the partition &,41(xg) is a refinement of the partition &, (z¢): indeed
the intervals of order n are members of &,11(zg) and each interval Agn_l)(xo) €
&n(xo) 0 <i < gy, is partitioned into k,1 + 1 intervals belonging to &,,+1(zo) such
that

knt1—1

Agnfl)(m ) = A(n+1) U AH_% tea (20).

Recall the following definition introduced in [8]:

Definition 2.1. An interval I = (1,t) C St is g,-small and its endpoints 7,¢ are
gn-close if the intervals T' (I), 0 <i < g, are disjoint.

It is known that the interval (7,t) is ¢,-small if, depending on the parity of n,
either t < 7 < T}]"‘l(t) <tor T}I"‘l(T) <t=<T7= T]‘Z"‘lT in the counter clockwise
order on the circle S'. Then we can show

Lemma 2.2. Let Ty be a P-homeomorphism with a finite number of break points

2§ =1,2,...,m, and irrational rotation number p. Assume x,y € S* are q,,-close
and 2\ ¢ {T}z, T;y, 0<j < gn, },i =1,2,...,m. Then for any 0 < k < ¢, the
following inequality holds:

Df*(z)

e " S — 7 S e’. (2)

D f*(5)
where &, § are the representative points of x, y in the interval [0,1) .
Proof. Take any two g,-close points z,y € S* and 0 < k < ¢, — 1. Denote by I

the open interval with endpoints « and y. Because the intervals T}(I ), 0<i<gqy
are disjoint, we obtain

Qn,_l
llogD f*(&) = logD f*(5)| < > |logD f(f*(%)) — logDf (f*(§))| < v,
s=0
from which inequality (2) follows immediately. O

The following Lemma, which can be proven easily using the assertion of Lemma
2.2, plays a key role for studying metrical properties of the homeomorphism 77 :

Lemma 2.3. Let Ty be a P-homeomorphism with a finite number of break points
2§ = 1,2,...,m, and irrational rotation number p. If ro € S', n > 1 and
2() ¢ {T}xO,O <j< qn}, i=1,2,...,m then

gn—1

e v < H Dfi(z) < e”. (3)
i=0
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Inequality (3) is called the Denjoy inequality. The proof of Lemma 2.3 is as
for circle diffeomorphisms (see for instance [9]). Using Lemma 2.3 it can be shown
that the intervals of the dynamical partition &, (xo) in (1) have exponentially small
length . Indeed one finds

Corollary 1. Let A™ be an arbitrary element of the dynamical partition &n(xo).
Then
I(AM™) < const A", (4)
where A = (1 +e7%)"1/2 < 1.
From Corollary 1 it follows that the trajectory of every point z € S' is dense

in S!. This together with monotonicity of the homeomorphism Tt implies the
following

Theorem 2.4. Suppose that a homeomorphism Ty satisfies the conditions of Lemma
2.5.Then T} is topologically conjugate to the linear rotation T),.

Remember that homeomorphisms T of the circle satisfying the conditions of
Lemma 2.3 are ergodic with respect to the Lebesgue measure , i.e. every T)-
invariant set has full or vanishing measure (see [7]).

In the following discussion we have to compare different intervals. For this we use

Definition 2.5. Let C > 1 . We call two intervals of S' C-comparable if the
ratio of their lengths is in [C~1, C].
Lemma 2.3 then implies (see [8])

Corollary 2. Suppose, that a homeomorphism Ty satisfies the conditions of Lemma
2.3. Then for any interval I C S* the intervals I and T}’"I are e”-comparable. If

the interval I is q,—small then l(T}I) < const \" for alli=1,2,...,q, — 1.

3. The Cross-ratio Tools. Let us first recall two definitions:

Definition 3.1. The cross-ratio Cr(2y, 29, 23, 24) of four points %, € R, i =
1,2,3,4, 21 < 29 < 23 < 24 is defined as

(22 — 21)(24 — 23)

(23 — 21) (24 — 22)

Definition 3.2. The cross-ratio distortion Dist(Zy, 22, 23, 24; f) of four points

Z €R i =1,2,3,4, 21 < 23 < Z3 < Z4 with respect to a strictly increasing function
f on R is defined as

OT(217 227 2’37 24) -

Cr(f(21), f(22), f(23), F(21))

Dist(21, %, 23, 243 f) = Cr(Z1, %9, 23, 2)
) ) ?

For k > 3 let be z; € St,i = 1,--- ,k, with z; < 29 < ... < 2, < 2 in the
anti-clockwise order on the circle and z; = z; (mod1),i=1,--- k. Define 2; = z;
and

T 145, if0<5 <5

for i = 2,3, ...k. It is obvious that 2; < 2y < ... < 2. The vector (21, 29, ..., 2) € R¥
is called the lifted vector of (z1, 22, ..., zx) € (S1)k.

Consider a circle homeomorphism T, with lift f. We define the cross- ratio
distortion of (21, 22, 23, z4) with respect to Ty by

Dist(zh 292,23, 245 Tf) = D?;St(él, 22, 23, 2?4; f)
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where (21, 22, 23, 24) is the lifted vector of (21, 22, 23, 24).
It is well known that for Ty € C?7¢([z1, 24]), € > 0, with [21,24] C (0,1)

Dist(z1, 29, 23,22, Tf) = 1+ O(|24 — 21 |'9).

Next we will estimate Dist(z1, 22, 23, 24; T) for circle homeomorphisms T satis-
fying the conditions of Theorem 1.4. Fix an arbitrary € > 0. Since D?f is a periodic
function on R with period 1 and hence D?f € L*([0,1],dl), it can be written in the
form

DQf(i') = ge(%) +0:(2), & € R, (5)
with ¢.(Z) and 6.(&) periodic functions on R with period 1, and g.(&) a continuous

function on [0,1] and fol |0c|dl < €. Then we can prove the following

Theorem 3.3. Suppose, the circle homeomorphism Ty with lift f satisfies the con-
ditions of Theorem 1.4. Choose z; € S', i =1,2,3,4, with 21 < 20 < 23 < 24 < 21
such that the interval [z1, z4] does not contain any break point of Ty. Then

|Di8t(2’1,22,2’3,2’4;Tf)—1| S Cl|24_21|h R

T,t€ (21,24

max: ]Iga(i‘) —g:(H)] +

+ 01/295(y)|dy+01 (]IDQf(y)Idy)z,

zZ1 zZ1

where the constant C1 > 0 depends only on the function f and (21, 22, 23, 24) is the
lifted vector of (z1, 22, 23, 24) -

Proof. Take z; € S', i =1,2,3,4, with 2; < 23 < 23 < 24 < 21 and consider its
lifted vector (21, 22, 23, 24). The following identities are easy to check:

i) — F(51) = DFG) G — 51) + / Df(y) ek — y)dy, k =2,3;

£(21) = 1) = DI Ga) e — 2) = [DF)y — 20y, 1= 2.5,
Using these identities we obtain:
f(B2) = f(21)  f(Z4) — [(%s)
f(Z3) = f(

22
L+ prenE=z ) D2 W) (22 — y)dy
21

Cr(f(21), f(22), f(23), f(24)) =

N>
ol
N
-
—~
N>
N
—
I
-
—
0>
N
S~—"

= CT(21722,23724) . -
1+ mgmﬂy)(és —y)dy

24
L— mﬂﬁf@)(y — Z3)dy
23

Z4 .
1 - Gz J P2 W)y — 22)dy
22
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Setting
A(a,b) == /D2 )(b—y)dy,
— Cl
and

Bla.) = Frir—a | D) =y

the distortion Dist(21, 22, 23, 24; f) can be written as

1+ A(51,%) 1—B(%3,%)
1+ A(%1,23) 1 — B(%,%4)
(14 A(21,22)) - (1 — A(%1, 23) + O(A(%41, 23))
(1= B(23,24)) - (1 + B(%2, 24) + O(B(%2, 24))).-

Dist(21, 22, 23, 245 f) =

Therefore
Dist(21, 22, 23, 245 f) = 14 A(%1,22) — A(21, 23) + B(22, 24) (7)

~ Bl23,2)+0 ((7D2f(y)ldy)2) :

Z1

1
Define next M; = 0.5( inf Df(z ))

£€(21,24)
To continue the proof of Theorem 3.3 we need the following

Lemma 3.4. Assume, that a circle homeomorphism Ty with lift f satisfies the
conditions of Theorem 1.4 and the interval [a,b] C R does not contain the break
points of f. Then the following identities hold:

b

b
A@@:/Zﬁ%@+@m@,B@@:/Zﬁ3@+@@m

a a

where

(GiaB)] < Mi(b = ) max |o.(x) — g:(8)] +

b 2

oty [0y + 2322 | [1D5wlay | i=1.2 (®)

a

Proof. We prove only the identity for A(a,b), the one for B(a,b) is quite similar.

b
Set G1(a,b) := A(a,b) — IQD;J;EZJ; dy. Tt is clear, that

b b b
: D*f D*f(s
Gr(ab) ( - Tttt ) + (Fospgen— Bto) | <
D2f( D?f(y)
S f2Df(Z)dy‘ +3 ‘fo SD7@ ¢ fD2 dt’-
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Using this and the bound (D f(x))~! <2 M; we conclude

b b
Ga(ab)] < | Afat) - fD B iy) + o2 (107 st01ar)” o)

a

To get finally the estimate (8) for G1(a,b), it is sufficient to estimate the difference

b
A(a,b) — 5;;83 dy. Using the definition of A(a,b) and the representation (5) we
a

obtain:

b
‘A(“’b) /zpfzd‘flpf /D2 (‘é)d'y‘_
- ’/96 e )(b—_;>dy‘
: ga<a>/(§j:§ ) .~ \/|g€ )~ @)=L~ Ly

Df(a)

- /Ia I(

< M- a) max [g.(e) — g.(0] + 2 / 10.(y)dy.

z,t€la,

IN

This together with estimate (9) proves estimate (8) for Gy (a,b) in Lemma 3.4. O

We can now finish the proof of Theorem 3.3. Equation (7) and the formulas for
A(a,b) and B(a,b) in Lemma 3.4 imply:

Dist(21,%2,23,24; f) = 1+ fQDf(y)dy+G1 (21, 22) ZDJ;EZ) — G1(%1,%3)

2
+f2DD§EZ)dy+ Ga(%2,24) — szf(y)dy Ga(%3,24) + O <f|D2 |dy>

2

2
= 1+G1(21,22) —G1(21,23)+G2(22,24) —G2(§3,2§4)+0 <I|D2 |dy>

Using next the bound (8) for the intervals [25, Zs41] C [21,24]), s = 1,2,3, we
obtain
24
(Ga(far2ert) < Ml — 2a| max92(8) = 0.0+ M1 [ Io-(w)ldy
21
> 2
+ oa( 1D rwlay)
Z1
The same bound holds for |Ga(Zs, 2541)|- Theorem 3.3 then follows immediately
from these bounds. O
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Let us next discuss the case when the interval [z1, z4] contains just one break
point x = x,. We will estimate the distortion of the cross ratio when the break
point lies outside the middle interval [zo, 23] i.e. ap € [21, 22] U [23, 24].

For z; € 81, i =1,2,3,4 with 21 < 23 < 23 < 24 < 21 and @}, € [21, 22] define the
numbers «, 3, v, 7, £ and z as follows

. L . R T
=%y — 21, Bi=323— 29, y:= 24— 23, T:= 2o — Iyp, 5:25, Zi= (10)

where (21, &y, 22, 23, 24) is the lifted vector of (z1, xp, 22, 23, 24).

Lemma 3.5. Assume, that the circle homeomorphism Ty with lift f satisfies the
conditions of Theorem 1.4. Let z; € S', i = 2,3, with 21 < 22 < 23 < 24 < 21.
Suppose that xy, € |21, z2], and the other break point of Ty is not contained in [21, z4].
Then

|Dist(z1, 2, 23, 24 Ty) — 2o )s §i§£’|<Kf|D2 y)ldy, (1)

where the constant K1 > 0 depends only on the function f.

Proof. . By assumption x, € [z1,22]. Let (21,4, 22, 23, 24) be the lifted vector of
(21, Xy, 22, 23, 24). Rewriting Dist(21, 32, 23, 24; f) in the form

Cr(f(21), f(22), f(23), f(Z4))
CT(21,22,23,,§4)
(f(éz) — f(%1) . f(23) = f(%1) (f(24) — f(23)  f(24) — f(fz))7

2?2—?31 ' 2’3—2?1

Dist(%1, 22, 23, 245 f) =

?:‘4 — 23 ' 2?4 — ?:’2
it is easy to check, that
f(Z2) = f(21) = (f (@) — f(21)) + (f(22) — (@)
= Df_(Zp)(@p — %1 /D2 — Z1)dy

+ Dﬁ@M@—£w+/D%@X@—w@

= Dfe(@n) (22— 21) ola) + (1 - am»g)]

+ Df(2)(2 2—21)Df+ /D2 —Lay

22*21

- DL -5 /D2 T

with o(zp) = g;; gz; the jump ratio of Ty at the point x;. Hence we get

f(22) = f(21) = Df(20) (22 — £1) [U(mb) +(1— U(fcb))g + (@, 21, 22) |5 (12)
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in the same way we find

f(23) = f(21) = (f(fc?) = f(21)) + (f(23) — f(@)) =
— Df-(@)(a -2~ [DF)y - a)dy

+ Df()(5s— ) + / D2 f(y) (35 — y)dy

= DR - 2) | 222 ol 222 +
+ Dfy(2p)(23 — 51)m/D2f(y) ;S:zdy
- DI — 2 g [ D=
respectively
)= £20) = Df(in)ia = 20) | T8 4 o) 227 4 a2 | (19)

For the functions 71 (&, 21, 22) and ro (s, 21, 23) the following estimates hold
2
1 i‘b721722 y T2 £b721723 S 7A/ D2f Yy dy 14
I s ra( )| Dhmf‘ ®)l (14)
21

This together with equations (12) and (13) shows

f(22) = f(21)  f(Z3) — f(21)  [o(@e) + (1 —o(mp))2](1 +§) ’
2o — 241 -5 o(zp) + &+ (1 —oa(x))2

< K, / 1D ()|dy, (15)

2

with & and z as defined in (10) and where the constant Ko > 0 is depending only
on the function f.

Since the interval [25, 24] does not contain the break point &, it can easily be
shown that

f(2a) = f(28)  f(Ba) = f(

2. — 2 E4— %

S K37D2f<y>|dy,

z22

where also the constant K3 > 0 depends only on f. This inequality and the bounds
(14) and (15) imply Lemma 3.5. O
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Remark 2. If the break point = x;, belongs to the right interval [z3, z4], then
one can prove the analogous estimate:

, [o(zp) + (1 — o(xp))9)(1 + / 2
Dist(z1, 22, 23,24;T¢) — < Ky [ |D?f(y)|dy,
IDist(er, 22,2 2 T5) = =0, >+<1—a<xb>w+n ID"f w)ldy
where 1 = ﬁ Y= % and the constant K4 > 0 depends only on the function

f.

4. The Proofs of Theorem 1.4 and Theorem 1.5. For the proofs of Theorems
1.4 and 1.5 we need several Lemmas which we formulate next. Their proofs will be
given later. Recall that the length of an interval [a,b] C S! is defined by

b—a, ifa<b<l,
l1+b—a, if0<b<a<l.

a0 o= {

For x¢ € St with representative point Z¢ in (0,1) define d(z) := min{Zo, (1 —Zo)}.

Lemma 4.1. Assume, that the lift ¢ of the conjugating homeomorphism T, has
a positive derivative Dp(Zg) = w at the point Ty € (0,1), and that the following
conditions hold for z; € S', i = 1,..,4, with 2, < 2o < 23 < 24 < 2, and some
constant Ry > 1:

(a) Rl I([z2, z3]) < U([21, 22]) < Ral([22, 23])
"1([22, 23]) < U([23, 24]) < Ral([22, 23));
(b) 172%41([5507%]) < Ral([21, 22).

I/\ I/\

Then for any € > 0 there exists § = §(xg,¢) € (0,d(zo)) such that
|Dl$t(21722,23,247 ) - 1| < 0267 (16)

if zi € Us(xzo) a d-neighbourhood of xo for all i = 1,2,3,4 , where the constant
C5 > 0 depends only on Riand w, but not on €.

If furthermore the points T}I”’zi, i = 1,2,3,4, fulfill conditions (a) and (b) and
T}I"zi € Us(zo) fori=1,2,3,4, then also

| Dist(z1, 22, 23, 24; Tf") — 1| < Cae. (17)

The strategy for proving that the invariant measure of T is singular with respect
to Lebesgue measure, is to construct a quadruple of points z;, i = 1,2, 3,4, for which
the above distortion control is violated.

Suppose now Dp(Zy) = w > 0 for some point Zy € (0,1). Consider the n— th
dynamical partition &, (z¢) for the corresponding point 2y € S* under the home-

omorphism Ty. Assume w.l.o.g. n to be odd. Then Aé") (z0) = [T{"w0,20] and
A(()"_l)(mo) = [z, T}]"’lmo] are its two generators. Denote by @, and ¢, the unique
points in the interval [T]‘Z"azo,T}I”‘lxo} such that @, = Tf_lab and ¢, = T]fpcb for
some 0 < I,p <gq, —1.

We need to introduce the notion of a regular cover of the break points. For
this consider z; € S, i = 1,2,3,4 with 2; < 25 < 23 < 24 < 2, and define for



12 AKHTAM DZHALILOV, ISABELLE LIOUSSE AND DIETER MAYER

0 <m < g, — 1 the length ratios

(m) = l([Tf 22, T z3]) 2m) = l([ e, TH 29])
l([T Zl,T 2’2])7 l([T Zl,T 22])7
]
J

([T ZQ,T
sy o LTF 22, T2 E{ |

Co]
7 =——J = J - 18
l([T Z3,Tm2’4) T Zg,T 2’4] ( )
The numbers z(m) for ¢, € [z1, 23] (respectively ¥(m) for ¢, € [z3,24]) are called
normalized coordinates of the point ¢,. It is clear that the normalized coordi-
nates z(m) respectively ¥(m) change from 0 to 1, when the break point ¢, is moving
from T}j 29 to TJZZ 21 respectively from Tf 23 to TJ’f Z4.

Ty 23, TGy

Definition 4.2. The intervals {T]{ [zl,zg],TJz [22, 23]7T; [23,24] : 0<j < ¢, — 1}
cover the break points ay, ¢, regularly with constants C > 1 and ¢ € [0, 1], if
1) the intervals { § [zl, 24],0< 75 < ¢, — 1} cover each break point exactly once;

2) either zo = Tf_ ap and T b Pey € [21, 20) or 23 = Tf_lal7 and Tf_pcb € |23, 24] for
some 0 <I,p <gq, —1;
3) £(0) > C and 2(0) € 0,¢] if & =T} "cp € [21,22]
7(0) > C and 9(0) € [0,¢] if G =T, ey € [23,24]
or if conditions 1),2) and 3) hold by interchanging the roles of a; and cp.

Define next for z > 0 and 0 <t <1 the functions G(z) and F(z,t) as
1 1-— t](1
Gy T D) o) (L o)+ )
o(ap) +x olep)+ (1 —o(ep))t+a
The next result shows via a Denjoy-like argument that the distortion outside the
breakpoints is controlled by the jumps at these points:

; (19)

Lemma 4.3. Suppose that the homeomorphism Ty satisfies the conditions of Theo-
rem 1.4. If the intervals {T]Z [21, zﬂ,TJZ [22, 23],T;[23, 24] :0<j<gqn— 1} cover the
break points ap and cp, then
1) Dist(z1, 22, 23, 22; T§") = [G(£() + xa][F(§(p), 2(p)) + xa] X
29 =

' (
XHOS;<qn Dist(T}z1, Thza, Tz, Thza; Ty ) if Qp, Cp € [21, 22];
i#Lp
1) Dist(z1, 22, 23, 223 Ty ) = [G(n(1)) + x3][F (n(p), I(p)) + xa] ¥
) if z3 =ap

X H0<z<qn DZSt(Tf21,TfZQ,TfZ$,TfZ4,Tf if , Gy € |23, 24],
D
where
f7(24)
X1 = x5 (21, 22, 23, 24) | < G / 1D f(y)ldy, 1<j <4, (20)

fr(21)
for eitherr =1 orr =p.

Lemma 2.2 implies the following inequalities
e Y€(0) < &(m) < e¥€(0), e Vz(0) < z(m) < e”z(0),
e 'n(0) < n(m) < en(0), e "9(0) <I(m) < e"J(0) (21)

for all 1 <m < g, — 1 From this it follows, that the normalized coordinates &(m),
n(m), z(m) and ¥(m) are uniformly (in z¢ and m) comparable with the normalized
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coordinates £(0), 7(0), z(0) and ¥(0) respectively. Formulas (19) lead for z small
and & large to the following

Lemma 4.4. If a circle homeomorphism Ty satisfies the conditions of Theorem 1.4,
then for any xo € S* with T9 € (0,1) and any § € (0,d(xo)) there exist constants
Co = Co(f,0(ap),o(cy)) > 1 and (o = Co(f,0(ap),0(cp)) € (0,1), such that for all
triple of intervals [zs, zs11] C Us(xo), s = 1,2,3, covering the break points ay, cp
regularly with constants Cy and (o the following inequalities hold:

GEMF(ER). ) - 1] > Tt 21
respectively
|G(n(1)F (n(p),9(p)) — 1] = M

The next Lemma will show the existence of a quadruple of points z1, 29, 23, 24 for
which the distortion control in ( 17) is indeed violated as we will see.

if zo =ap, and Ty € [21, 22)

if z5 =ap, and T € [23, 24

Lemma 4.5. If the circle homeomorphism Ty with two break points ay, cp satis-
fies the conditions of Lemma 2.3, then for any xo € S* with g € (0,1) and any
5 € (0,d(xq)) there exists a number N = N (6,x9) > 1, such that for alln > N (6, xq)
there is a triple of intervals [zs, zs4+1] C Us(xo), s = 1,2,3 with the following prop-
erties:
1) the interval [z1, z4] is qn-small;
2) the intervals [z, zs41] and [T]" 25, T{"2511] s = 1,2,3 satisfy conditions a)
and b) of Lemma 4.1 with some constant Ry > 1 depending on Cy, (o and the
total variation v of logDf;

3) the intervals {T} [21, 2], T} [22, 23] T}[zg, z4), 0<i<gq,— 1} either cover
both break points ay, cp regularly with constants Cy and (o, or cover only the

break point a, where a, = Tf_lab for some 0 <1 < q, coincides with either zy
or z3.

Indeed with the points z1, 29, 23, z4 of Lemma 4.5 we can now formulate Lemma
4.6 which in some sense is the criterion for the singularity of the invariant measure
of Tf.

Lemma 4.6. Suppose, the circle homeomorphism T satisfies the conditions of
Theorem 1.4 and the intervals [zs, zs1+1], s = 1,2,3 satisfy the conditions 1)-3) of
Lemma 4.5. Then for sufficiently large n one finds

|Dist(21, 22, 23, 24; Tf") — 1| > const > 0,
where the constant depends only on the function f.

After these preparations we can now proceed to the proof of Theorem 1.4.

Proof of Theorem 1.4. Let T} be a circle homeomorphism satisfying the con-
ditions of Theorem 1.4. Since ps is irrational, the Ty-invariant measure py is
nonatomic i.e. every one point subset of the circle has zero ug-measure. The
conjugating map T, related to us by T,z = us([0,2]) for x € S, is given by a
continuous and monotone increasing function ¢ on R. Hence T;, has a finite de-
rivative almost everywhere (w.r.t. Lebesgue measure) on the circle. We show that
Dp(2) = 0 at all points & at which the derivative is defined.
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Assume, Dy(Zg) = w > 0 for some point &y € (0, 1) corresponding to the point
ro € S'. Choose an ¢ > 0 and points z;,7 = 1,2,3,4 such that [z, 2s41] and
[TJ?" Zs, T}J" zs+1] C Us(xo), s =1,2,3, satisfy the conditions of Lemma 4.1. It then
follows from this Lemma that

|Di$t(21,22,23724;T;n) - 1‘ S 0267 (22)

where the constant Cy > 0 does not depend on € and n. But this contradicts Lemma
4.6 according to which

Dist(zy, 22, 23, 24; T3 — 1| > const > 0
f

for sufficiently large n. This contradiction proves Theorem 1.4. O

5. The proofs of Lemmas 4.1-4.6. We start with the proof of Lemma 4.1.

Proof of Lemma 4.1. Suppose, that the derivative Do(Zg) exists and Dp(Zg) =
w > 0 for some Z( € (0,1) corresponding to the point xg in S'. By the definition of
the derivative there exists for any ¢ > 0 a number § = §(x,¢) € (0,d(x0)) such
that, for all & € (2o — 9, To+9),

w—a<w<w+a. (23)

Tr — X

Now take four points z; € Us(xo) C S* satisfying conditions (a) and (b) of Lemma
4.1. W.lo.g. we can assume that [z, z4] C Us(zg) with z4 < zo. Relation (23) then
implies for = 2;, i =1,2,3,4

(w—e)(@o — 2) <p(Zo) — (%) < (w—+e)(To — %)
This yields the following inequalities for s = 1,2, 3:

B 8(530 — Zs11) + (To — 2) ©0(Zs11) — 0(Zs)
és+1 - 25 - 28+1 - 25
< w+€(xo—zi+1)+{xo—zs) (24)
Zs+1 — Zs

respectively for s =1, 2.

_ E(f?o - és+2) + (570 - 25) @(2S+2) — 90(25)
72s+2 - 25 B 23—}-2 - és
< wielBozt) F@=5) gy
Zs42 T Zs
Conditions (a) and (b) of Lemma 4.1 on the other hand imply
Y U N N S AP 20
1<i<4\l 29 — 21 23— 21 %4 — 22 24 — 23
where the constant K7 > 0 depends on R; but not on &.
Since
Dist(z1, 22,23, 24; T,p) = ('O(Z%> — ?(Zl)w(&f) — SAD(ZB) AZ?’ A Y AZ4 - p
By — % Z2a— % p(23) —p(21) @(21) — (22)

inequalities (24)-(26) then prove the first part of Lemma 4.1.
It follows from this and our assumptions on the points T;’" zi, 1 = 1,2,3,4, that also
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|Dist(T}1”z1, T}Z”zg, T]?"'zg, TJ?"Z4; T,) — 1| < Cie. (27)
By definition
Dist(T}I" 21, T)?" 22, TJ?" 23, T]?" z4;Ty) =
CT(Tw(Tgn Zl)7 Tcp (T}]” 2’2), Tw(Tgn 23), Tcp (T}M 24))

= . 28
OT(T;”Zl,qunZQ,qunZg,qunZAL) (28)

Since Ty, conjugates Ty with the linear rotation 7, we can readily see that
CT(TSD(T]?nZl), (TLP(T}ZTLZQ), (TLP(T}I"Z:J,), (TSD(T}IHZ;L))) = OT(TLlea T¢22, TL,D237 T¢Z4)
and hence
_ Or(Tyoz, Tpze, Tpzs, Tpza)
Cr(Tfr a1, Tf" 20, T§" 23, T}" 24)
This together with relations (16), (27) and (28) implies
|Di5t(213227z3az4;T}1n) - 1‘ S 0287 (29)

Dist(TJ?” 21, T}]” 22, T}Z” z3, T}Z” 24;T,)

where the constant Cs > 0 does not depend on € and n.
This finishes the proof of Lemma 4.1. O

Next we will prove Lemma, 4.3.

Proof of Lemma 4.3. We restrict ourselves to the case zo = Tf_lab, Tf_pcb €
[21,22] for some 0 <I,p < g, — 1; the case z3 = Tf_lab, Tf_pcb € [z3, 24] for some
0 <l,p < ¢q,— 1 can be treated similarly. Rewrite Dist(z1, 2o, Z3,z4;T)?") in the
following form

Dist(z1, 22, 23, 24; T}I”) = Dist(Tchzl,T}zg,T}z&T}zZl;Tf)

Dist(T{ 21, Tf 22, Tf 23, Tf 24; Ty) H Dist(Tjz1,T}z2, Tjzs, Tjza; Ty \30)
0<i<gn
i#lLp

By assumption only the two intervals [T} 21, T} zo) and [T Jf 21, ij zo] contain the break

points: namely a, = T}zz, and ¢, € [szl,szﬂ for some 0 < I,p < g, — 1.
Using Lemma 3.5 and the definition of the functions G(z), F(z,t) in (19) we get

o(ap) (1 +&(1))

Dist(Thzy, Thzg, Thag, Thzy; Tf) = ——— 220 4y =GEWD) + x1,
(Tyer, Ty, Tyas, Ty2a; Ty) o) T e T =GEM +xa
1- 1
Dist(TF21, TPz, TV 23, TV 24; Ty) = l7(es) + (1 = o)) 2(p)](1 + £(p)) Fxo =

o(cp) + (1 —a(ep))z(p) +E(p)
= F(&(p), 2(p) + xe,

where the functions x; = x;(21, 22, 23, 24) can be bounded in absolute value either
for r =1 or for r = p by
f7(24)
Ky [ |D?f(y)|dy, 1 <j < 2. This together with (30) implies Lemma 4.3. O
fr(21)

Next we will prove Lemma 4.4.
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Proof of Lemma 4.4. We prove only the bound for G(£(1))F(£(p), z(p)) since the
one for
G(n(1))F (n(p), ¥(p)) can be proved similarly. We start by rewriting the expression

G(E(1))F(&(p), 2(p)) as follows:

ola)(1+E0) [oles) + (1 - o(@) =@+ )]
CEUNEEW-20) = = L0280 o) + (0 —ola)=p) T&0)

: aem)
= [o(ap)o(cp) + (1 — o(cp))o(ap)z(p)] ¥ [U(ab) +&(1)
T )] = ) X (6,0, 2(0) (31)

where z(p) € [0,1] and £(1), &(p) > 0

It is clear, that ®1(0) = o(ap)o (cb) and ®5(£(1),&(p), z(p)) tends to 1 as £(I) and
&(p) tend to co. This we can achieve by choosing £(0) sufficiently large. Recall,
that we assumed o(ap)o(cy) # 1 . Next we want to see under which conditions
D4 (2(p))P2(£(1),&(p), 2(p)) stays away from 1. Obviously

|01 Py — 1] = [(P1 — 1) + Oy (P2 — 1)| > [|P1 — 1] — Oy [Py — 1]. (32)

Using the bounds for z(m) in (21) we get
@1 =1 = lo(ap)o(c) + (1 —o(c))o(as)z(p) — 1]
> |o(ap)o(ey) = 1] = [1 = a(c)|o(an)z(p)
> |o(ap)o(er) =1 = [1 = a(ep)|o(ap)e’2(0).
If z(0) then fulfills the inequality
o(an)oter) ~ 1] - [1 = olep)ala)er=(0) = AL =1

and hence
lo(ap)o(cy) — 1]
2e?|o(ap)o(cy) — o(ap)|’

2(0) <
then obviously

Cb)—l‘

& — 1| > % if 0<2(0) <o, (33)
where
i Jot@)oe) =1
Co = {26v|a(ab)a(cb) —o(ap)|’ 1} ' (34)

Next we determine conditions on £(0) which imply

jo(@)o(es) = 1|
4

1Py — 1] < (35)

Obviously, for z(p) € [0,1] one has ®1(z(p)) < maz {o(ap)o(cp),o(ap)} = M.
Inequality (35) then certainly holds if

|o(av)o(es) — 1|

Since
o 4+ (1+£¢(p))
b2 l= olap) +&(1) o(ep) + (1 —o0(ep))z(p) + E(p) 1, (37)
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—dn—1 =
Tf ap Ty
Py X

P

dn—1 dn—1 =
a Tf To T/ ap

Tfiq'on TanO X0 qun—le
FIGURE 1. Structure of the intervals [xo,T}?”’lxo] and [db7T;"’1éb]

the right hand side of (37) behaves for £(I) and £(p) sufficiently large as

(1+ O(ﬁ))(l + O(%)) — 1, which can be bounded by Rg (ﬁ + %) for some

constant Rg > 1 not depending on £(I) and £(p). On the other hand, according to
relations (21), for 0 < m < g, the value of {(m) is comparable to £(0), and hence

1 1 , 1

Therefore, if

1 _ lo(ap)o(e) =1
2Rge" — < —————
o) dm,
or equivalently
4Rge"my
0) > ——6¢ Mo 39
{02 fofaota) -1 o
then inequality (36) is certainly fulfilled. With Cj defined as
4Rge"my
Co := max{Rfsem,l}. (40)
|o(ap)o(cy) — 1]
Lemma 4.4 then follows immediately from relations (33)-(40). O

Next we prove Lemma 4.5.

Proof of Lemma 4.5. W.l.o.g. we assume n odd, the case n even can be de-
duced from the odd one just by reversing the orientation of the circle. From the
definition of the dynamical partition &, (x¢) it follows that for some 0 < I,p < ¢,
the points a, = Tj?lab and ¢, = Tf_pcb belong to the interval [Tﬁ”mo,T}z"’lmo].
Consider then the neighborhood [T;q"’lﬁb,T]?"’lab] of the point @,. By Corol-
lary 2 the intervals [a,b], T7"[a,b], T “"[a,b] are e'- comparable for any a,b € S 1
. Since @ € [T}]"xO,T}]"’le], it can easily be shown, that the pairs of intervals
([ijq"‘lxo,zo], [Tf’q"‘lab,ab]), ([xO,T}I”‘le], [Eb,T}I”‘lEb]) as well as

([T " o, T wol, [Ty ™~ ap, T{"'@]) are ¢'- comparable.

Let 79 be the middle point of the interval [Tf_q”’lﬁb,ab]. Since [ap, T}Z"’ITQ] =

T}I”’l [T;q”’lab, 7o) and l([TJ:q"’IEb7 70]) = I([70, @p)) we conclude, that the intervals

[70,@s] and [Eb,T}Z”’lTO] are e’- comparable (see figure 1).

Set
1 _ 1 — —gn_1— —
dy = §mm{l([ab,T}z' @) (T lab,ab])}. (41)
Then Corollary 2 implies
71)1 — n—1— Ul —_ n—1—
e 5[([%,7’}1' ap]) <dn, <e il([ab,T}I' ap)). (42)

Since the interval [7g, T]?”"lTO] is one of the two generators of the partition &, (),
the intervals T} [T0, T}I"_IT()], 0 <1 < g, cover the break point a; only once. Using
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Va(ap)
: U, (a'b) :
Tf_q'H ap, To ap T;In—l,co T;In—] a

FIGURE 2. The neighborhoods U, (a,) and V,,(ay) are comparable
with [Tf_q"’ldb,T}l“’ldb]. The point 7y is the middle point of the

interval [T' " ay, ap)

the constants Cp and ¢ in Lemma 4.4 we define two neighbourhoods (see figure 2)
of the point @:

1
V(@) = Vs, (@) with 6, = ie*”q;ldn,

. 1 _
Un(@y) = Uy, (ap) withy, = §<O (V. (@p).

It is clear that U, (ay) C V,,(Gy) C [TO,T;"’ITO]. The construction of the intervals

Zs, 2s+1] depends now on the location of ¢, in the interval V,,(a@;). There are two
s #S+ p

cases to consider:

either ¢, ¢ Un(ab),i.e. Cp € [T}]nTo,T;nflTo] \ Un(ab) or ¢, € Un(ﬁb)). (43)

If ¢, € V,(ap) \ Un(@p)) we set

- ~ 1 ~ 1 ~
Zo 1= Qp, 23 := ap + Zl(Un(Eb)L Z4 = ap + il(Un(ab)) and Z1 :=ap —

1
=(Uy (@
1 (Un(@))
corresponding to the points z; € S! for i = 1,2,3,4. Obviously [21, 24] C [0, T}]”’ITO]
and ¢, ¢ [z1,z4]. We have to check, that the intervals [zs,zs11], s = 1,2,3
satisfy properties 1)-3) in Lemma 4.5. The interval [z1,z4] iS gn-small, because
[21,24] C [70,T ;3"’170], which is one of the generators of the dynamical partition
&n(10). By construction I([z1, 24]) = 2e7°Cy ' Cody, but d,, = %l([Tqu”*lab,ab]) =
%l([ﬁb,T}Z"’lﬁb]) and hence [z1,z4] is 4e"Co(y '~ comparable with [mo,T}z"’lxo].
Next we show the assumptions a) and b) in Lemma 4.1 are fulfilled by the two inter-
vals [2s, 2511] and [T}I"ZS,T]?"st]. For a) notice that I([zs, 2541]) = %e*”C’O_lgodn
for s = 1,2,3 and the intervals [zs, z541] and T}]"’l[zs,zsﬂ] are e’-comparable, so
that they fulfill the assumption a) of Lemma 4.1 with constant e”.

Next consider assumption b) of Lemma 4.1. It is easy to see, that for i = 1,2, 3,4
one has

I([zi; wo]) < U([22, o)) + U([21, 24]) = U([22, x0]) + di,
l([T}ZnZZ‘,LL'()]) < l([ZQ,.’EQ]) + l([T}]"ZQ,ZQ]) + l([T}J"ZhT}Z”Zd). (44)

The point zo belongs to [Tﬁ"xo,T}Z”’lmo] C [T;q"’lmo,T}Z”’lmo}, which is e¥—

comparable with [T q"’lﬁb,T}]"’lﬁb]. But the length of this last interval is 4e®-
comparable with d,,. In complete analogy we can estimate the second expression in
(44) by 12e"Co¢i .

Furthermore the intervals T} [2s, 2s+1] do not cover the break point ¢, and cover

the point a; exactly once since zo = Tf_ lab.
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Next consider the case ¢, € U, (a,). Then again two cases can happen:
if ¢, € [ab — lC()l(‘/r (5 )), Eb], we define

5 =Gy — z( (@), Zo 1= Ty, 23 1= Gy + Ool( (@), Za = @ + Col(Va (@)

corresponding to the points z; € S* for i = 1,2,3,4. Then I([21,22] = %e‘”C’aldn,
where as all other intervals have a length equal to %e’”dn. The lengths of these
intervals are hence 2e”Cy-comparable with d,,. The first two statements of Lemma

5 for these intervals can be checked in complete analogy to the first case in (43).

Next we show, that in the present case the intervals
{T} [21, 2], T} [22, 23], T]’; [23,24], 0 <@ < qn} cover both break points ay, ¢, regu-
larly with constants Cy and (p. By construction these intervals cover both break
points exactly once. Moreover we have zo = @, and ¢, € [z1,22]. It is easy to
l . = =~

see, that £(0) = % = Cy. Since &, € [ay — 2¢ol(Vi(70)), @), we find that
2(0) = fg[[zi’zﬂ) < (o and hence the intervals [zg, zs41], s = 1,2, 3 satisfy Lemma
4.5.

_ It only remains to consider the case where the point @, belongs to the interval
[@y, @y, + 3Col(Va(70)]- In this case we define

@, — Col(Vou (b)), 22 == @ *Co (Va(@y)), 23 := @, 24 := @ + %Z(Vn(ab))

21:

corresponding to the points z; € S! for i = 1,2, 3,4. The proof of Lemma 4.5 for
these intervals [zs, z541], s = 1,2,3 proceeds now exactly as in the previous case.
This concludes the proof of Lemma 4.5. O

Finally we prove Lemma 4.6.

Proof of Lemma 4.6. Assume, that the circle homeomorphism T satisfies the
assumptions of Theorem 1.4 and the intervals [zs, zs41], $ = 1,2, 3 satisfy Lemma
4.5. Consider first the case when the intervals
Til21, 22), Thl22, 23] Tfl23, 2], 0 <0< gy — 1} cover both break points ay, c; reg-
ularly with constants Cy and (y. Suppose that zo = @, = i lay and @ = Tf_ Pey,
for some 0 < [,p < ¢, and
1([z2, 23]) I([ev, 23])

)
[([21, 22]) 121, 22]) ~
}

Lemma 4.3 shows that for zo = @, and ¢, € [21, 22

DiSt(Zh 22,23, 245 qu-") = [G(f(l) + XlHF(g(p)’ Z(p)) + X2] X

<Cy, 0L < Co- (45)

x [I Dist(Tjz1, Tjze, Tjzs, Thza; Ty) (46)
0<i<qn
i#lp
with
" (24)
IX;| = [xj(21, 22, 23, 24)| < K1 / |D*f(y)|dy, 1 <j <2, r=1p. (47)
fr(z1)

for some constant K7 not depending on neither n nor . Next we estimate the right
hand side of equation (46). Fix some ¢ > 0. Since D?f is a periodic function on R
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with period 1 and hence D?f € L'(]0,1],dl), it can be written in the form
DQf(i') =9:(2) +0:-(2), 2 € R, (48)

with g.(2) and 6. (%) periodic functions on R with period 1, and g.(Z) a continuous
function on [0, 1] and fol |0-|dl < e. By assumption, among the intervals T}[zs, 2s11],
0 < i < gu, only the intervals T' } [21, z4] and T}) [21, z4] contain the break points ap
respectively ¢ .

Obviously
| [] Dist(Tjz1,Tjze, Tjzs, Tjaa; Ty) — 1| =
0<i<qn
i#l,p
gn—1
= lexpq{ Z log(1 + (Dist(T}jz1, Tize, Tizs, Tpza; Tr) — 1))} — 1]. (49)
i=0, i#Lb

Applying Theorem 3.3 we obtain
|Dist(T}z1, Thze, Thzs, Tiza; Ty) — 1| < C1l([Thz1, Tfza]) ¥

FH(24) Fi(24)
2
max |.(a) - 0.0+ C1 [ .y + ([ IDrwldy)  (50)
z,tE[T;zl,T;Z4] . -

where the constant C; > 0 depends only on the function f.
But for D?f € L'([0,1]) the function ¥(Z) = [|D?f(y)|dy defines an absolutely
0

continuous function on [0, 1] and the functions ¥(%) and g.(Z) are then uniformly
continuous on the closed interval [0, 1]. Hence there exists o = dp(g) > 0 such that
for all z,t € [0, 1] with I([¢,Z]) < do, the inequalities

[W(2) — WD) <& |g:(2) — g-(D)| <, (51)

hold.

Since by assumption the interval [z1, z4] is g,-small Corollary 2 shows, that
I(T}f[21, 24]) < const X" for 0 <i < g, —1, with A= (1+ e~v)~2 < 1. Hence there
exists a number Ny = Ny(d) > 0 such that for all n > Ny and all 0 < i < ¢, — 1
one finds [(T}[21, z4]) < do. This together with (51) implies that for all n > Ny the
inequalities

W(Z) - @) <& 9:(2) —9=(0)] <, (52)

hold for all Z,§ € [f'Z1, f'24] (mod1) and all 0 < i < @, — 1.
Since for [z1, z4] g, — small the intervals T} [21, z4] are non intersecting for 0 <
1 < ¢n — 1 we have

dn
> UTj[z1,24]) < 1.
=0

Because || 8¢ ||z < € we find, using relations (49)-(52),

gn—1
| [l Dist(Tjz1,Tjze, Tjzs, Thza; Ty) — 1| < Coe Y U([Tjz1, Thza])+
0<i<qn i=0

i#lp
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qn_lfi(24) gn—1 f*(24)
o S / 0.y + Co 3 [B(f20) — W(fi21 )| / D f(y)ldy <
1=0 1=0 A

fi(21)
1

1
< Cy 2s+/I9g(y)|dy+€/lD2f1(y)|dy < Co(3+||D*fllz1)e,  (53)
0 0

where the constant Cy depends only on f.
Next we estimate the expression (G(£(1)) + x1)(F(&(p), 2(p)) + Xx2), where |x;l
f"(24)
is bounded from above by K1 [ |D?f(y)|dy for j = 1,2 and r = [,p with some
fr(21)
constant K; not depending on n and €. For n > Ny and [z1,24] gn-small we

24

have [|D?f(y)|dy = V(Z4) — V(%) < e. Since G(z) is bounded for z > 0 and
21

F(x,t) is bounded for z > 0 and 1 < ¢t < 1, it is sufficient to estimate the term

G(&()F(&(p), z(p)) in the above product. Since the intervals

T} [21, 2], T} [22, 23] T} [23,24], 0<1i<gq,— 1} cover both break points ay, ¢ reg-
ularly with constants Cy and (y Lemma 4.4 implies

GEMFER). =) - 1] > Tl 2 1]

because by assumption o(ap)o(cp) # 1. Therefore for sufficiently large n and small
€ the inequality

>0,

olap)o Cb) -1
GED) + X TFER), =) + xa] 1] > 177l 1]
holds. Together with relations (50) and (53) this implies the assertion of Lemma
4.6 in the case of a regular covering of the two break points.
Next consider the case where the intervals

T} [21, 22], T} [22, 23] T} [23,24], 0< i< g, — 1} cover w.l.o.g. only the break point
ap with zo = a, = Tf_lab for some 0 < I < ¢,, and satisfy properties 1), 2) of Lemma
4.5.

Then we write Dist(z1, 2o, 23, 24; T}]") in the following form

Dist(z1, 22, 23, 24;T}1") = Dist(T]lczl,T}z2,T]lcz3,T}z4;Tf) X
x [ Dist(Tjz1,Tjze, T}zs, Tjza; Tk). (54)

0<i<qn
i#l
For sufficiently large n and any ¢ > 0, the value of the product over ¢ # [,p in
(54) lies in an e—neighbourhood of 1. By assumption, only the interval T]lc [21, 24)

contains the break point a; with a, = T}zQ. Using Lemma 3.5 we find

. (a)(1 + (1
[Dist(Tfa1, Thas, T, Ty Tp) = % S0 5((1)))|
f1(24)
<k [ D1y, (55)
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where the constant K; > 0 depends only on the function f and where £(I) =

([T} 22,T}23]) .
- Obviously

o(ap) +£(1) -~ a(a) +€0)
This, together with the inequality Ry ' < £(I) < Ry following from (21) and the
comparability of the intervals [z, z541] for s = 1,2, 3, shows
(o(ap) = 1)ED)
o(ap) + (1)
where the constants R; > 0, ¢ = 1,2 depend only on f. Finally we obtain
|Dist(T}z1, Thze, Thzs, Tiza; Ty) — 1| > const > 0, (56)

R;lﬁ §R37

where the constant again depends only on f. Since the inequality

| H D’iSt(T}Zl,T}ZQ,T}Z3,T}Z4;Tf) — 1] < const e

0<i<gn
i#l
holds also in the present case this, together with relations (54) and (56) proves
Lemma 4.6. O

Let us finally prove Theorem 1.5:

Proof of Theorem 1.5. Consider the n—th dynamical partition &,(@) of the
unique point @, of the break point a; in the interval [T]?"xo7T}1”71x0] around the
point zg, at whose representative point Z( there exists a positive derivative Do(Zg)
of the lift ¢ of the conjugating homeomorphism T;,. Notice that in the case of an
irrational rotation number of bounded type the following important fact was proved
in [5](see [5], Proposition 3): there exists a subsequence {ny,k =1,2,...} € N such

nj—1— Iy, —

that for every ny the interval [ay, T }1 ap] (respectively the interval [T"* @, @)
contains the point ¢, = TJT Pey for some 0 < p < g, — 1, and furthermore

K3_1 < U@seel) < Kj (respectively K;l < l(q[fiiab]) < Kj) , where

= Ul Ty ) T T )

the constant K3 depends only on f.

Set dy,, = min {l([ﬁb,éb]),l([Eb,TJ?"’"lEb])}. Then the closed d,, — neighbour-

hood Uy, (@) of @ is €*”— comparable with [T;q"’“l(xo),T}Z""'fl(:no)]. Further-
more, the intervals T}Ud% (@), 0 <@ < gy, cover the break point ¢, exactly once.
It is hence enough to give the construction of the intervals [zs, z511],4 = 1,2,3, in
the neighbourhood Uy, (G») as in the case of a homeomorphism T with a single

break point ¢;,. We define

~ = ~ = 1 ~ = ~ =
Zo 1= Cp, 21 i = Cp — §dnk733 =Cp + §dnk,z4 =Cp+ dp, -

and the corresponding points z; € S, i = 1,2, 3,4. As in the proof of Lemma 4.6 it
can be checked, that the intervals [zs, zs41], s =1,2,3 satisfy the conditions of the
Lemma 4.5. Applying Lemma 4.1 we get that Dist(z1, 22, 23, Z4;T}1”) is close to 1.
But by Lemma 4.6 it should stay away from 1. This is a contradiction and hence
also Theorem 1.5 is proved. O
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