The Transfer Operator

from Statistical Mechanics to Quantum Chaos

Cheng-Hung Chang^1 Institut für Theoretische Physik, Technische Universität Clausthal

Arnold-Sommerfeld-Str. 6, 38678 Clausthal-Zellerfeld, Germany e-mail: ch.chang@tu-clausthal.de

1. Einstein’s problem

On May 11, 1917, when quantum mechanics was not yet fully developed and chaotic phenomena were hardly known in the physical community, A. Einstein addressed the question in his talk in Berlin [Ein17] how to understand the quantum behavior of classically non-integrable systems, i.e., where the number of conserved quantities, like energy, is smaller than the degrees of freedom of the systems. In a certain sense this question opened the history of quantum chaos.

The problem of Einstein was open for a long time until around 1970 M. Gutzwiller [Gut70], [Gut71] made the first breakthrough. By means of his semiclassical trace formula Gutzwiller related the energies of certain quantum systems to the periodic orbits of the corresponding classical dynamical systems and gave the first answer to the question of Einstein.

In the 90’s it was recognized that another classical object, the transfer operator, is also able to determine the quantum energies of chaotic systems. More strikingly, this operator gives more information about the quantum world than the trace formula, namely it can determine the quantum states which are suppressed in the traditional approach by means of the trace formula.

The transfer operator is not new in the history of physics. It has appeared in different disciplines in physics and mathematics before its application in quantum chaos was found. It was originally invented to solve the partition function of the Ising model [Isi25]. Later in the 70’s it was used to investigate the ergodic theory of chaotic dynamics [LM85]. And finally in the 90’s it enters into the study of quantum chaos [May91], [BC93], [CM99].

1This work is supported by DFG (German research council) Schwerpunktprogramm ’Ergodentheorie, Analysis und effiziente Simulation dynamischer Systeme’

2. The transfer operator in statistical mechanics

In order to understand the phase transition of ferromagnetic materials around the Curie temperature E. Ising constructed a lattice spin model in his dissertation in 1924 (also in [Isi25]). In this model the ferromagnetic material is simply simulated by an one-dimensional lattice ξ = (ξ_1, ξ_2, ξ_3, ξ_4, · · · ), where every site ξ_i in this lattice ξ can take the value +1 or −1, standing for the spin variable up respectively down. For example, the lattice spin configuration

ξ_1 ξ_2 ξ_3 ξ_4 ξ_5 ξ_6

· · ·

will be denoted by (+1, +1, −1, +1, −1, +1, · · · ) := ξ. The configuration set S consists of all possible configurations on this lattice.

The shift operator τ : S → S is defined as (τξ)_i = ξ_{i+1}, i ≥ 1. That means this operator replaces the value ξ_i on the i-th site by the value ξ_{i+1} on the (i + 1)-th site and its action is just to shift the whole lattice one step to the left. This lattice spin system together with the shift operator τ is called a subshift of finite type [LM95]. If a configuration ξ is periodic, then there must exist some natural number m such that

τ^mξ = ξ. (1)

Now we put this lattice in an external magnetic field B and suppose every spin has only interactions with its two nearest neighbors (ξ_1 has only one exceptionally). Due to the spin-magnetic field interaction and spin-spin interaction the total energy H of this model is equal to H = ∞∑ i=1 Jξ_iξ_{i+1} + ∞∑ i=1 ξ_iB, with a real parameter J.

As known from statistical mechanics, the main physical thermodynamical quantities are encoded in the partition function of the system considered. The free energy for example can be obtained in the thermodynamical limit f = lim_{m→∞} 1 m log Z_m(A, β), where Z_m(A, β) stands for the partition function for all periodic configurations ξ with period m: Z_m(A, β) = ∑ ξ∈fixτ^m exp ( − β m−1∑ k=0 A(τ^kξ) ) , (2)

with β the reciprocal temperature and A the interaction function

A(ξ) = J ξ_0ξ_1 + B ξ_0. (3)

Many techniques were devised to calculate Z_m(A, β). An algebraical one giving an exact solution was invented by Ising when expressing (2) as Z_m(A, β) = ∑ ξ_1,ξ_2,··· ,ξ_m∈{±1} e(ξ_1, ξ_2)e(ξ_2, ξ_3) · · · e(ξ_m, ξ_1)

with e(ξ_i, ξ_j) = exp(−β J ξ_i ξ_j − β B ξ_i), recognizing that this sum has the structure of the trace of some matrix L^m_β , i.e., Z_m(A, β) = trace L^m_β . Indeed, for the system we considered, i.e., a one-dimensional lattice with two spin variables with nearest neighbor interaction, this matrix, called transfer matrix, is the two-dimensional matrix

L_β = ( e(+1, +1) e(+1, −1) e(−1, +1) e(−1, −1) ) . However, for general systems with long range interactions, i.e., the interactions between the spins are not confined to the nearest neighbors, or the number of the spin variables is infinite the dimension of the corresponding transfer matrix can no longer be finite. For these cases D. Ruelle [Rue68] and H. Araki [Ara69] introduced the transfer operator L_β as a generalization of the transfer matrix L_β , L_βf(ξ) = ∑ η∈τ^{−1} ξ exp(−β A(η))f(η), (4)

where the sum runs over the preimages τ^{−1}ξ := {η |τη = ξ} of ξ. With this generalization one gets again

Z_m(A, β) = trace L^m_β . (5)

3. The transfer operator in ergodic theory

The transfer operator (4) in statistical mechanics is closely related to the Perron-Frobenius operator (PF operator) in ergodic theory as follows:

3.1 Discrete Time dynamical systems

Consider first a one-dimensional map T : I → I on the unit interval I := [0, 1]. Suppose T is piecewise analytical and fulfill the expanding property |(T^n)^′(x)| > 1 for some n ∈ N and for all x ∈ I. The orbits, which consist of the iterated points T^n x, n = 0, 1, 2, · · · , of such dynamics, are very sensitive to the initial points. That is, a slight deviation at the initial point can induce a totally different orbit after a few iterations. Such kind of maps are called chaotic.

To follow the correct orbit for such systems over long time is almost impossible. Giving up this ambition we can instead consider statistically a huge number of initial points separated in the interval I. If the number of these points is large enough and if they are distributed evenly enough, they can be approximately described by a smooth density function. While the map T describes the iteration of an individual point, the corresponding PF operator L_T describes the evolution of the density function. For the map T we considered above, the PF operator is defined as

L_T f(x) = ∑ y∈T^{−1}x f(y) |T^′(y)| , (6)

where the sum extends over the preimages T^{−1}x := {y ∈ I |T y = x}. The leading eigenvalue of this operator is 1. The corresponding eigenfunction is the invariant density.

Figure 1: (a) quadratic map and (b) Gauss map

The transfer operator can however be defined not only for the above expanding maps, but also for the chaotic maps. An example is the quadratic map T x = 4x(1 − x) in fig. 1 (a). This map doesn’t fulfill the expanding property |(T^n)^′(x)| > 1 for all x, but is chaotic due to its sensitivity to the initial points. Two slightly different initial points can depart from each other into totally different orbits after a few iterations [LM85]. According to the definition (6), the PF operator for this map reads

L_T f(x) = 1 4 √ 1 − x [ f (1 − √1 − x 2 ) + f (1 + √1 − x 2 ) ] . (7)

If an initial density function f(x) is given, say f(x)=1, this function will be transformed by the PF operator L_T step by step as in fig. 2 (a), (b) and (c) and finally approaches the invariant density (the dashed line in the figures)

lim_{n→∞} L^n_T f(x) = f^∗(x) = 1 π √ x(1 − x) , which is the eigenfunction of the PF operator (7) with eigenvalue 1.

Figure 2: The evolution of the density f(x) = 1 for the quadratic map

The second interesting map is the Gauss map

T_G x =

{_1

x mod 1 x ≠ 0 , 0 x = 0 , (8) in fig. 1 (b). This map is chaotic and furthermore fulfills the expanding property |(T^n)^′(x)| > 1. The corresponding PF operator reads L_{TG} f(x) = ∞∑ n=1 ( 1 x + n )^2f( 1 x + n ) (9)

and the corresponding invariant density is the Gauss measure

f^∗(x) = 1 log 2 1 x + 1 . The operator (9) will come up again in the discussion of quantum chaos later.

An interesting connection can be found between the one-dimensional discrete time dynamics and the one-dimensional Ising model. To illustrate it let us divide the interval I in fig. 1 (a) into two subintervals I = A ∪ B with A := [0,^1_2 ) and B := [^1_2 , 1]. The orbit of T can be characterized by a series, defined by the subinterval A or B into which the point T^nx, n = 0, 1, 2, · · · falls. For example the orbit γ := (A, A, B, A, B, A, · · · ) tells us that x ∈ A, T x ∈ A, T^2x ∈ B, etc. This structure is similar to the one-dimensional lattice spin ξ = (+1, +1, −1, +1, −1, +1, · · · ) of paragraph 1.

The similarity between the structures of the lattice spin system and the discrete time dynamical system led to the development of the so-called thermodynamic formalism [Rue78] in ergodic theory by Y. Sinai, R. Bowen and D. Ruelle in the seventies which borrows ingredients and techniques from statistical mechanics to study chaos. The transfer operator is one of the important ingredients in this study, among other quantities like entropies, partition functions and free energies, etc.. Indeed, after furnishing the PF operator (6) with a parameter β,

L_T f(x) = ∑ y∈T^{−1}x f(y) |T^′(y)|^β = ∑ y∈T^{−1}x exp(−β log |T^′(y)|)f(y) (10)

we find that this generalized PF operator (10) has the same structure as the transfer operator (4) in statistical mechanics.

3.2 Continuous time dynamical systems

So far we just discussed the chaotic dynamical systems for discrete maps. However, physicists are also interested in continuous time dynamical systems like Hamiltonian dynamics. For simplicity we consider a free particle on a two-dimensional compact surface M, i.e., the particle cannot escape to infinity. In the Hamiltonian formalism this system will be displayed in a four-dimensional phase space T M and can be reduced to a three-dimensional space T_1M since energy is conserved. We suppose the flow on T_1M is chaotic, in the sense that initial deviations will expand exponentially fast and arrive the diameter of T_1M in short time (positive Lyapunov exponent).

A well known method to study such chaotic systems is the investigation of the Poincaré section [LL92]. This section Σ is a hypersurface in T_1M, i.e., the dimension of Σ is one lower than that of T_1M, and must be chosen such that Σ cuts all trajectories in T_1M transversally. The Poincaré map P : Σ → Σ describes the next crossing point P (x) of the trajectory through Σ (with the same orientation as the initial crossing point x) if the initial point x ∈ Σ is given. The study of a continuous time dynamical system in

Figure 3: Poincaré map P and a periodic orbit with period n = 3 T_1M is now reduced to the study of a discrete time dynamical system on Σ.

Suppose γ is a primitive periodic orbit in T_1M, i.e., it is not a repetition of another periodic orbit. Then there exists a natural number n with

P^nx = x (11)

for the point x ∈ Σ ∩ γ on Σ. For example, γ in fig. 3 is a periodic orbit with n = 3. The recurrence time function r(x) is defined as the length of the time interval the orbit needs between the two cutting points x and P (x). The total period l(γ) of the primitive periodic orbit γ is therefore l(γ) = n−1∑ i=0 r(P^ix). (12)

Figure 4: (a) A chaotic flow penetrates the Poincaré section Σ and (b) the expanding manifold W^u of the flow in (a)

A typical case of a chaotic flow is shown in fig. 4 (a). This flow consists of a stable manifold W^s and an unstable manifold W^u. These two manifolds cross each other at the curve C, where C ∩ Σ is the fixed point of the map P . Under the flow a point on Σ will be attracted to W^u and repelled from W^s. The manifold W^u has an expanding property and behaves like in fig. 4 (b), for example. Different initial points on W^u ∩ Σ will arrive at different points after they turn around along the flow and Figure 5: tent map meet W^u ∩ Σ again. It induces the discrete map P_u : W^u ∩ Σ → W^u ∩ Σ. In our example in fig. 4 (b), P_u is just the tent map T_T : I → I with

T_T x = { 2x forx ≤^1_2 , 2(1 − x) forx >^1_2 .

as shown in fig. 5. The PF operator for P_u is L_{Pu} f(x) = ∑ y∈T^{−1}x f(y) |P^′_u (y)| . (13)

It determines the invariant density of the Poincaré map P on the expanding respectively the unstable manifold W^u.

Conversely, the manifold W^s has an contracting property and the corresponding discrete map is P_s : W^s ∩ Σ → W^s ∩ Σ. The long time behavior of this map is attracting all points on W^s ∩ Σ to the fixed point C ∩ Σ. It is not necessary to construct the PF operator, since we know the invariant density of the map P_s is the Dirac δ function concentrated on W^s ∩ Σ.

3.3 The dynamical zeta function

The dynamical zeta function can be defined for both discrete and continuous time dynamics [Rue94]. Here we mention merely the continuous time case. The periodic orbits characterize important properties of dynamical systems. Now suppose we know the lengths, respectively the periods l(γ), of all the periodic orbits γ of a dynamical system. One can ask if it is possible to use a generating function that carries all this information. Indeed, there are many candidates. An elegant one is the so-called dynamical zeta function introduced by D. Ruelle [Rue76] and S. Smale [Sma67]

ζ_{RS} (β) = ∏ γ (1 − e^{−β l(γ)})^{−1} . (14)

Due to (12) the zeta function (14) is equal to ζ_{RS}(β) = ∏ γ ( 1 − e^{−β ∑n(γ)−1i=1 r(P ixγ )} )_{−1}

and can be rewritten as

ζ_{RS}(β) = exp ∞∑ m=1 Z_m(r, β) m with Z_m(r, β) = ∑ x_γ ∈fix P^m exp ( − β m−1∑ k=0 r(P^kx_γ ) ) . (15)

However, this function has the same structure as a partition function (2) in statistical mechanics. Since the sum (2) can be computed by means of L_β in (4), why not construct a transfer operator to compute (15)? Indeed, this operator is nothing but the PF operator for the Poincaré map on the expanding manifold (13), endowed with the reciprocal temperature β as in (10).

Surprisingly, this parameter β is related to quantum energies for some classically chaotic systems.

4. The transfer operator in quantum chaos

What is ’Quantum Chaos’? Around 1990 this modern terminology was still under debate. If quantum chaos is defined as sensitive dependence on initial conditions like in classical chaotic dynamics, then we will find that there is no chaos in quantum mechanics, because the Schrödinger equation is linear and the corresponding evolution of the wave function (for bound systems) is quasi-periodic. In contrast to this definition, we nowadays understand by ’quantum chaos’ the quantum mechanical behavior of classically chaotic systems.

The main task of the study of quantum chaos is not to invent a new mechanics to replace the Schrödinger equation, or to device an easier technique to calculate its solutions. (To compute quantum energies by means of the methods developed in quantum chaos like the trace formula or the transfer operator is even more complicated than to let a computer solve the Schrödinger equation numerically.) Instead, following Einstein’s intention mentioned in paragraph 1, the study of quantum chaos is to find out if there are some connections between classically chaotic dynamical systems and their corresponding quantum systems, above all regarding the quantum energies and the quantum states.

4.1 Classical and quantum properties for integrable and chaotic systems

Prime examples in the study of quantum chaos are chaotic billiards and hyperbolic surfaces of negative curvature. Let us consider first two billiards: The first one is the circle billiard in fig. 6 (a), namely a free particle sliding ballistically in a circle. The dynamics of this system is not chaotic because an initial deviation will not expand too fast. Now if we cut Figure 6: (a) circle billiard (b) stadium billiard the circles into two semi-circles and combine these two separated semi-circles by two straight lines, then we get Bunimovich’s stadium billiard [Bun74], [Bun79] as in fig. 6 (b). The dynamics of a freely sliding particle in this billiard is chaotic because a slight initial deviation can induce a totally different orbit.

Now if the billiards mentioned are so small that they should be described by quantum mechanics, then they show different properties in quantum energies and quantum states. To give an impression, let us take a look at the probability density of finding the free particle in the billiards, calculated from the n-th quantum eigenstate in fig. 7. (Only eigenstates with odd-odd symmetry in the whole stadium billiard are considered. Due to up-down and right-left symmetry we just show one-fourth of the whole billiard). An extreme difference can be found between these two billiards. The densities of the circle billiard are quite regular and symmetric. In contrast, the densities for the stadium billiard

Figure 7: Probability densities [B¨98]

look irregular. The quantum energies of these two billiards have also different properties [B¨98].

The second class of systems which appears very often in the study of quantum chaos are hyperbolic surfaces (surfaces with constant negative curvatures). We consider first a free particle sliding on a surface with a constant positive curvature, i.e., a sphere as in fig. 8 (a). The dynamics is not chaotic because it doesn’t depend on the initial point sensitively. If two particles depart at the same time from the north pole with the same velocity but a slight deviation in the direction, then they will arrive at the south pole at the same time later. The deviation of these two particles is predictable at any time. Quantum mechanics on such sphere is well known. The quantum energies and quantum states are analytically solvable.

Figure 8: Dynamics of a free particle sliding on (a) a sphere and (b) the modular surface

As our next example we consider a free particle sliding on a hyperbolic surface, which is a Riemannian surface with constant negative Gaussian curvature. A prominent example is the so-called modular surface in fig. 8 (b) (definition see next paragraph) whose curvature is constant and every point on this surface is locally a saddle point. The dynamics of a sliding free particle on such surface is sensitive to initial conditions and unpredictable and therefore chaotic. The quantum energies and quantum states (Maass wave forms) are not known analytically.

In general the systems like circle billiards and spheres are called integrable systems, although the dynamics of billiards are not smooth in phase space and violates the conventional definition of the integrability of the classical smooth Hamiltonian flow. In contrast to such systems we call the stadium billiard and the modular surface chaotic.

4.2 Quantum chaos on the modular surface

Now let us illustrate quantum chaos on the modular surface. The modular surface is a quotient space H /P SL(2, Z), where H is the Poincaré upper halfplane, i.e., the upper complex half-plane {z = x + iy | x, y ∈ R, y > 0} with the Poincaré metric (arc length) d s^2 =^{d x2+d y2}_{y2} . The action of an element g of the modular group P SL(2, Z) := { g = ( a b c d ) | a, b, c, d ∈ Z, det g = 1 } /{±1} on H is realized by the Möbius transformation gz =^{az+b}_{cz+d} , where z is a point in H . The upper half-plane in fig. 9 can be tessellated by a fundamental region (shadowed region in fig. 9), which is a representative of the quotient space H /P SL(2, Z), and is topologically like a sphere in fig. 8 (b) with a cusp at infinity. It is analog to the construction of a torus as the quotient space R^2 /Z^2. For more details on this, see [Ter85].

Figure 9: Poincaré upper-half plane tessellated by the fundamental region (shadowed region) by means of the elements of P SL(2, Z)

To discuss quantum chaos, as mentioned already, one should keep in mind that the goal is to find classical-quantum correspondences. Let us consider first the classical dynamics on the modular surface. The phase space of a free particle on the two-dimensional modular surface is of four dimension. Since the particle is free and the energy is conserved, the phase space is three-dimensional. After choosing a special Poincaré section [Ser85] we get a Poincaré map P : I × I × {±1} → I × I × {±1} with

P (x_1, x_2, e) = ( T_G x_1, 1 [^1_{x1} ] + x_2 , −e ) , where T_G is the Gauss transformation in (8), e = ±1 and [x] denotes the integer part of x. As discussed in paragraph 3.2 we are only interested in the expanding direction of the Poincaré map P_u : (x_1, e) → (T_Gx_1, −e). The corresponding transfer operator reads

L̃_βf(x) = ( 0 L_β L_β 0 ) f(x), (16)

where L_βf(x) = ∞∑ n=1 ( 1 x + n )^{2β}f( 1 x + n ) and f(x) = ( f_+(x) f_−(x) ) . The dynamical zeta function for this system is explicitly known and can be represented by the transfer operator as

ζ_{RS} (β) = det(1 − L̃_{β+1}) det(1 − L̃_β)

. (17)

So far we have collected some dynamical informations for this system. Next we want to discuss the quantum properties of a free particle on this surface. The Schrödinger operator of a free particle on this surface is nothing but the Laplace-Beltrami operator

−△_{LB} = −y^2 (

∂^2 ∂ x^2 + ∂^2 ∂ y^2 ). (18)

The first question is if the classical dynamics reveals some information about the quantum energies of this system, namely the eigenvalues of −△_{LB}. In 1956, to study Riemann’s hypothesis and without motivation from quantum chaos, A. Selberg devised his famous trace formula which determines the discrete spectrum of the operator −△_{LB} on the modular surface [Sel56]. Shortly after this discovery S. Smale and Y. Sinai recognized that this formula can be interpreted as a connection between the discrete spectrum of the operator −△_{LB} and the sum over all primitive periodic orbits of the classical dynamics. It’s a key step. In mathematics it gives a connection between the fields of number theory, spectral theory and dynamical systems. In physics it relates quantum mechanics and classical mechanics, since the Laplace-Beltrami operator −△_{LB} describes the quantum world and the periodic orbits come from the classical world. This yields the first classical-quantum correspondence.

The content of the trace formula can be represented by another device of Selberg, today known as Selberg’s zeta function [Sel56]

Z_S(β) = ∏ γ ∞∏ k=0 ( 1 − e^{−(β+k) l(γ)} ) . (19)

This function has so-called trivial zeros for negative integers β and non-trivial zeros on the line ℜβ =^1_2 and ℜβ =^1_4 . Suppose some β with ℜβ =^1_2 is a zero point of Z_S (β), then, due to the theory of Selberg, β(1 − β) is an eigenvalue of the Laplace-Beltrami operator, and vice versa. This yields the second classical-quantum correspondence.

But from the definition of the Selberg zeta function (19) we know that it is a special case of the Ruelle-Smale dynamical zeta function in (14), which is representable in terms of the transfer operator (17) for the modular surface. In this way we get the relation [May91]

Z_S (β) = det(1 − L̃_β).

If the transfer operator L̃_β at some point β on the line ℜβ =^1_2 has the eigenvalue 1, then the determinant det(1 − L̃_β) and Z_S (β) vanish. Consequently, due to the properties of Z_S (β) mentioned above, β(1 − β) is an eigenvalue of the Laplace-Beltrami operator, and vice versa. That is the transfer operator L̃_β, defined from classical dynamics, is also capable to determine the corresponding quantum energies and gives an approach different from the traditional one via Selberg’s trace formula and the zeta function.

More strikingly, this operator gives even information on the quantum states which the trace formula and the zeta function are not able to determine. This discovery was achieved by J. Lewis [Lew97], without motivation from quantum chaos, in his theory: Under some slight restriction, the eigenfunctions u_β(x, y) of the Laplace-Beltrami operator −△_{LB} for eigenvalue β(1−β) are in one-to-one correspondence to the holomorphic solutions f_β (z) of the functional equation

λ_β [f_β (z) − f_β(z + 1)] − (z + 1)^{−2β} f_β( 1 z + 1

) = 0 , (20)

where λ_β = ±1 and f_β(0) = 0. The functions u_β(x, y) and f_β(z) can be translated explicitly into each other by the Lewis transformation.

Shortly after this discovery, D. Zagier recognized [LZ96] that the functional equation (20) is nothing but the functional equation for the eigenfunctions f_β(z) of Mayer’s transfer operator L_β in (16). By means of the Lewis transformation the eigenfunctions of the Laplace-Beltrami operator −△_{LB} and the eigenfunctions of the transfer operator L_β are then explicitly related. Physically, it means that the eigenfunctions of the classical object L_β determine the quantum mechanical probability density of the free particle on the modular surface.

4.3 Answers to Einstein’s question

We have seen a remarkable classical-quantum connection between the quantum energies, the quantum states and the classical dynamics by means of the transfer operator in the special case of modular surface. Now a natural question comes up: is this correspondence a special case or an universal property? If it is neither of both the next question is what kind of physical systems respectively what kinds of dynamical systems, e.g., ergodic, mixing, exact, etc. have such a connection?

Two recent results show that this classical-quantum connection on the modular surface is not a special case. One of them is the generalization of the results on the modular surface to its covering spaces [Cha99]. The other progress is that E. Bogomolny has invented a formal transfer operator L_B (E) for general physical systems in the semiclassical limit ℏ → 0 [Bog92]. His operator also reveals the quantum energies E and quantum states, although mathematically it is still not rigorous. In case of the modular surface, Bogomolny’s transfer operator is just the transfer operator (16) [BC93].

The Selberg trace formula and zeta function on the modular surface have also been generalized to general physical systems, in the semiclassical limit. Together with the transfer operator, they serve as methods to understand quantum chaos, summarized in the following table.

modular surface general physical systems computable quantities

exact connection connection only in the

semiclassical limit ℏ → 0

Selberg trace formula Gutzwiller trace formula quantum energies {E} ↔ {l(γ)} {E}^{ℏ→0}←→ {S(γ) = ∫ γ p dq} Selberg’s zeta function generalized zeta function quantum energies

Z_S (β) = 0 (ℜ(β) =^1_2 ) ζ(β)^{ℏ→0}= 0

Ruelle transfer operator Bogomolny transfer operator quantum energies

det(1 − L̃_β) = 0 det(1 − L_B(E))^{ℏ→0}= 0 quantum states

Table 1 Answers to Einstein’s problem

The Modular surface serves as a prime example in the study of quantum chaos where many relations between classical chaotic dynamics and its quantum mechanics can be exactly tested. It serves as an example to support Gutzwiller’s trace formula [Gut90] and serves as a counter example for an exceptional class [Bol93], [BSS92] in Bohigas-Giannoni-Schmidt famous conjecture about the different energy statistics in integrable and chaotic systems [BGS84]. The modular surface for quantum chaos plays a role similar to other simple systems like the one-dimensional potential well, the harmonical oscillator and the hydrogen atom in the inception of the development of quantum mechanics.

5. Interaction between physics and mathematics

Today the quantum chaos people have often common workshops and conferences with mathematician from branches like number theory and dynamical systems. The dynamical zeta function is a typical example for the reason why the scientists from these three groups come together: The dynamical zeta function bears the information of a dynamical system, has the typical properties of number theoretical zeta functions and reveals the eigenvalues of the Schrödinger operator in quantum chaos.

In number theory a big problem is to understand the statistical distribution of the prime numbers. 1859 Riemann found that the precision of the distribution estimate for the number of prime numbers can be improved quite a lot, if his conjecture that all the so-called non-trivial zeros of the zeta function ζ(s) = ∞∑ n=1 1 n^s are located on the line ℜ s =^1_2 , were true [Lan85]. This conjecture has been numerically tested up to the first 10^{20} zeros [Odl] without contradiction, but analytically it still is without proof. In the long struggle with this historical problem many techniques were invented. Today some of them serve as techniques to study quantum energy distributions in quantum chaos.

Conversely, the physical progress gives the mathematicians new ideas to solve problems from different aspects. One of them is the development of the transfer operator method from statistical mechanics. In the seventies it entered into the study of chaotic dynamical systems. Moreover, this operator is surmised to be the hermitian operator which D. Hilbert and G. Polya suggested to prove the Riemann’s conjecture in the number theory. This idea was recently taken up again by A. Connes in his remarkable attack

[Con96] of the Riemann conjecture.

On the other hand the eigenfunctions of the transfer operator for the eigenvalue 1 on the modular surface have recently been recognized to be the period polynomials of the modular forms and the period functions of the Maass wave forms, which are well known in number theory, but up to now have not been known to have something to do with dynamical systems [CM99], [CM98], [LZ96].

One of the difficulties of the study on quantum chaos is that appropriate mathematical models are difficult to find. These models must be classically chaotic on the one hand, but on the other hand their quantum properties should not be too difficult to find. However these two wishes are not easy to fulfill simultaneously. The open questions in quantum chaos are often related to the open questions in dynamical systems and number theory. A prime example is the analogue of the distributions of quantum energies in quantum chaos and the distribution of zeros of the Riemann zeta function. Further improvement of the knowledge about number theory and dynamical systems will surely promote the ability to answer Einstein’s question.

Interesting readings concerning this topic are [Bal97], [Cvi] and [Ste94]. Short introductions about D. Ruelle and A. Selberg can be found in [Gle87] and [Reg88].

Acknowledgments

This note is summarized according to the seminar talks at the physics departments of Cheng-Kung university and Chung-Hsing university, and a private talk at Taiwan university in spring 1999. I am grateful for their kind hospitality. Furthermore I would like to thank D. Mayer and J. Bolte for their constructive remarks to this article and A. Bäcker for helpful discussions and fig. 7.

References

[Ara69] H. Araki. Gibbs States of a One-Dimensional Quantum Lattice.

Comm. Math. Phys., 14:120–157, 1969.

[B¨98] A. Bäcker. Classical and Quantum Chaos in Billiards. PhD thesis, Universität Ulm, Abteilung Theoretische Physik, 1998.

[Bal97] V. Baladi. The magnet and the butterfly: Thermodynamic formalism and the ergodic theory of chaotic dynamics. In Développement des mathématiques au cours de la seconde moitié du XXe siècle. 1997. http://www.unige.ch/math/folks/baladi/publi.html.

[BC93] E. B. Bogomolny and M. Carioli. Quantum maps from transfer operators. Physica D, 67:88–112, 1993.

[BGS84] O. Bohigas, M. J. Giannoni, and C. Schmidt. Characterization of Chaotic Quantum Spectra and Universality of Level Fluctuation Laws. Phys. Rev. Lett., 52:1–4, 1984.

[Bog92] E. B. Bogomolny. Semiclassical quantization of multidimensional systems. Nonlinearity, 5:805–866, 1992.

[Bol93] J. Bolte. Some Studies on Arithmetical Chaos in Classical and Quantum Mechanics. Int. J. Mod. Phys., B7:4451–4553, 1993. Dissertation Hamburg.

[BSS92] J. Bolte, G. Steil, and F. Steiner. Arithmetical Chaos and Violation of Universality in Energy-Level Statistics. Phys. Rev. Lett., 69:2188–2191, 1992.

[Bun74] L. A. Bunimovich. On ergodic properties of certain billiards. Funct.

Anal. Appl., 8:254–255, 1974.

[Bun79] L. A. Bunimovich. On the ergodic properties of nowhere dispersing billiards. Commun. Math. Phys., 65:295–312, 1979.

[Cha99] C.-H. Chang. Die Transferoperator-Methode für Quantenchaos auf den Modulflächen Γ\H . Papierflieger, Clausthal-Zellerfeld, January 1999. ISBN 3-89720-253-0.

[CM98] C.-H. Chang and D. Mayer. The period function of the nonholomorphic Eisenstein series for P SL(2, Z). Math. Phys. Elec. J., 4(6), 1998.

[CM99] C.-H. Chang and D. Mayer. The transfer operator approach to Selberg’s zeta function and modular and Maass wave forms for P SL(2, Z). In D. Hejhal and M. Gutzwiller et al, editors, IMA Volumes 109 ’Emerging applications of number theory’, pages 72– 142. Springer-Verlag, 1999.

[Con96] A. Connes. Formule de trace en geometrie non commutative et hypothese de Riemann. C. R. Acad. Sci. Paris, Ser. I 323(12):1231– 1236, 1996.

[Cvi] P. Cvitanovich. Classical and quantum chaos: a cyclist treatise.

http://www.nbi.dk/ predrag/QCcourse.

[Ein17] A. Einstein. Zum Quantensatz von Sommerfeld und Epstein. Verhandlungen der Deutschen Physikalischen Gesellschaft, 19:82–92, 1917.

[Gle87] J. Gleick. Chaos. Viking, New York, 1987. ISBN 3-426-04078-6.

[Gut70] M. Gutzwiller. Energy Spectrum According to Classical Mechanics.

J. Math. Phys., 11:1791–1806, 1970.

[Gut71] M. Gutzwiller. Periodic Orbits and Classical Quantization Conditions. J. Math. Phys., 12:343–358, 1971.

[Gut90] M. Gutzwiller. Chaos in classical and quantum mechanics.

Springer-Verlag, 1990.

[Isi25] E. Ising. Beitrag zur Theorie des Ferromagnetismus. Zeitschrift für Physik, 31:253–258, 1925.

[Lan85] S. Lang. The Beauty of doing Mathematics. Springer-Verlag, 1985.

[Lew97] J. Lewis. Spaces of holomorphic functions equivalent to the even Maass cusp forms. Invent. Math., 127(2):271–306, 1997.

[LL92] A. Lichtenberg and M. Lieberman. Regular and Chaotic Dynamics. Applied Mathematical Science 38. Springer-Verlag, New York, 1992.

[LM85] A. Lasota and M. Mackey. Probabilistic properties of deterministic systems. Cambridge Univ. Press., Cambridge, 1985.

[LM95] D. Lind and B. Marcus. An Introduction to Symbolic Dynamics and Coding. Cambridge Uni. Press, 1995.

[LZ96] J. Lewis and D. Zagier. Period functions and the Selberg zeta function for the modular group. MPI Bonn, 1996. Preprint 96/112.

[May91] D. Mayer. The thermodynamic formalism approach to Selberg’s zeta function for P SL(2, Z). Bull. Am. Math. Soc., 25:55–60, 1991.

[Odl] A.M. Odlyzko. The 10^{20}-th zero of the Riemann zeta-function and 175 million of its neighbors. Preprint.

[Reg88] E. Regis. Who Got Einstein’s Office? Eccentricity and Genius at the Institute for Advanced Study. Perseus Press, 1988.

[Rue68] D. Ruelle. Statistical Mechanics of a One-Dimensional Lattice Gas.

Commun. Math. Phys., 9:267–278, 1968.

[Rue76] D. Ruelle. Zeta-functions for expanding maps and Anosov flows.

Invent. Math., 34:231–242, 1976.

[Rue78] D. Ruelle. Thermodynamic formalism. Addison Wesley, Reading MA, 1978.

[Rue94] D. Ruelle. Dynamical Zeta Functions for Piecewise Monotone Maps of the Interval. AMS, 1994.

[Sel56] A. Selberg. Harmonic analysis and discontinuous groups in weakly symmetric Riemannian spaces with applications to Dirichlet series. J. Indian Math. Soc., 20:47–87, 1956.

[Ser85] C. Series. The modular surface and continued fractions. J. London Math. Soc., (2), 31:69–80, 1985.

[Sma67] S. Smale. Differentiable dynamical systems. Bull. Am. Math. Soc., pages 747–817, 1967.

[Ste94] F. Steiner. Quantum Chaos. In R. Ansorge, editor, Schlaglichter der Forschung: zum 75. Jahrestag der Universität Hamburg 1994, pages 543–564. Dietrich Reimer Verlag, Berlin and Hamburg, 1994. http://www.physik.uni-ulm.de/theo/qc/group.html.

[Ter85] A. Terras. Harmonic Analysis on Symmetric Spaces and Applications I. Springer-Verlag, 1985.